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Abstract: A mathematical model is presented that describes growth of the
tumor cells and intrinsic behaviour of it in the presence of immune cells. Two
models considered here are:

• Immune-Tumor growth model(I-T Model)

• Immune-Tumor-Drug Model(I-T-D Model)

Both I-T and I-T-D models are highly non-linear in nature. The effect of
growth of these cells on normal cells have not been considered. In presence of
both cells the model behave as a competing model. Constant number of immune
cells are assumed to be present in the system. In the absence of tumor cells,
the immune cells will not be stimulated to grow and these leads to a natural
death of immune cells. Immune-Tumor-Drug(I-T-D) is a modified version of
Immune-Tumor(I-T) model which incorporate the effect of drug administered
assuming that drug kills both tumor and immune cells at different rates.

Stability of both models have been analyzed under various equilibrium con-
ditions.
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1. Introduction

The growth of tumor cell for cancer is very complex in nature as it involves
many biological factor. Cancer is caused due to unnatural growth of malignant
cells which forms tumor. The malignant cells that causes tumor also effects
the normal and immune cell of human body till treatments are started. To
understand the behaviour of complex tumor growth, mathematical modelling
of cancer have been of great interest. many useful works have been done on
models including tumor cells and immune cells (see [1],[7] ,[10], ), between
tumor and normal cells (see [3] and [4],[6]), and between tumor and control
using chemotherapy alone (see [2],[3],[4],[8],[9],[12],[13],[14],[15]).

The mathematical model includes the growth of immune cells, tumor cells
and also the use of drug administrated to control growth of these cells.

2. Model Description

There exists numerous mathematical model to study the behaviour of tumor
cells([11]). Here two very simple model described in ([16]) have been considered
with modification.

2.1. Model Equation

2.1.1. Immune-Tumor Model(I-T)

Let I(t) denote the number of immune cell at time t, T (t) denote the tumor
cells at time t. Immune cell I(t)) and tumor cell T (t) behaves as a preditor-pray
model of ineracting spacis([17]). In the absence of any tumor the immune cell
will die out at a rate d1 and presence of tumor cells stimulates the immune cell
which may be represented as non-linear growth of immune cells as follows:

rI(t)T (t)

σ + T (t)
(2.1)

where r and σ are positive constants. This type of response term as of the same
form as the terms used in the respective models of ([7]) and ([5]). Furthermore,
the interaction of immune cells and tumor cells can result in either the death of
tumor cells or the activation of immune cells, resulting in the two competition
terms

dI

dt
= −c1I(t)T (t) (2.2)
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and

dT

dt
= −c2I(t)T (t) (2.3)

Hence the model equation equation for immune-tumor(I-T) cell growth may be
represented as:

dI(t)

dt
= s+

rI(t)T (t)

σ + T (t)
− c1I(t)T (t)− d1I(t) (2.4)

dT (t)

dt
= aT (t)(1 − bT (t))− c2I(t)T (t) (2.5)

where:
s=constant immune cell,
c1=Tumour deactivation rate of effectors,
d1=Natural death rate of immune cells,
a=intrinsic tumor growth rate,
1
b
=tumour population carrying capacity,

c2=Kill rate tumor cell.

2.1.2. Immune-Tumor-Drug Model(I-T-D)

In the immune tumor model described above, the effect of drug is added to for-
mulate a new mathematical model. Let v(t) is the amount of drug administered
at time t. Assumptions taken are:

• Drug kills both immune and tumor cells

• The kill rate of immune cells and tumor cells by drug are different. Let
β1 be the kill rate for immune cells and β2 be the kill rate for tumor
cell(β1 6= β2) .

• The rate of drug administered at time t assume to follow exponential decay
model([17]). Thus Immune-Tumor-Drug model equation is described as:

dI(t)

dt
= s+

rI(t)T (t)

σ + T (t)
− c1I(t)T (t)− d1I(t)− β1v(t) (2.6)
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dT (t)

dt
= aT (t)(1 − bT (t))− c2I(t)T (t)− β2T (t)v(t) (2.7)

dv(t)

dt
= α3v(1− β3v) (2.8)

3. Stability Analysis

3.1. Immune-Tumor Model(I-T)

Immune-Tumor model is a drug free model.

The equilibrium points are:

• Tumor free equilibrium ( s
d1
, 0).

• Co existing immune-tumor equilibrium (I∗, T ∗).

3.1.1. Stability Analysis for Tumor Free Equilibria ( s
d1
, 0)

Linearizing around ( s
d1
, 0) gives a linear system of equation

(

İ

Ṫ

)

=

(

−d1
rs
d1σ

− c1s
d1

0 a− c2s
σ

)(

I − s
d1

T

)

(3.1)

with eigenvalues:

λ1 = −d1, (3.2)

λ2 = a−
c2s

d1
(3.3)

The the model will be stable if:

a <
c2s

d1
(3.4)

This is an implication that if a > c2s
d1

, then the system will be unstable,
means no amount of drug will be able to completely iradicate the tumor.
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3.1.2. Stability Analysis for Co-Existing Immune-Tumor Model

Linearizing around the point (I∗, T ∗), where

I∗ =
a

c2
[1−

b

a
(p−

H

p
− b)] (3.5)

T ∗ =
1

b
(p −

H

p
− b) (3.6)

where p 6= 0 is given by

p =
1

2
(−G+

√

G2 + 4H3)

1

3

(3.7)

and (3.8)

H = a0a1 − a21 (3.9)

G = a20a3 − 3a0a1a2 + 2a31 (3.10)

where a0, a1, a2, a3 are constants involving system parameters and

a0 = c1ab (3.11)

a1 =
1

3
(c1abσ − rab− c1a+ d1ab) (3.12)

a2 =
1

3
(c2s+ ra− c1σ − d1a+ d1abσ) (3.13)

a3 = c2sσ − ad1σ (3.14)

Eigenvalues corresponding to this equilibrium points are:

λ1 =
(A+D) +

√

(A−D)2 + 4BC

2
(3.15)

λ2 =
(A+D)−

√

(A−D)2 + 4BC

2
(3.16)

Here:

A = (
rT ∗

σ + T
− c1T

∗ − d1) (3.17)

B = (
σrI∗

(σ + T ∗)2
− c1I

∗) (3.18)

C = −c2T
∗ (3.19)

D = a− 2abT ∗ − c2I
∗ (3.20)
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Figure 1: Drug administered for ν3 = 0.3, β3 = 0.2, v(0) = 0.1

This I-T model will stable around the co-existing equilibrium point (I∗, T ∗),
if both eigenvalues

λ1 < 0 (3.21)

λ2 < 0 (3.22)

So, the required for stability is found to be,

AD < BC (3.23)

3.2. Immune-Tumor-Drug Model [I-T-D]

The equilibrium points for this model are:

• Tumor free equilibria.
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Figure 2: I-T model satisfying stability condition for a = 0.2, c1 = c2 =
1, d1 = s = r = 0.2, σ = 0.3, I(0) = 0.1, T (0) = 0.1
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Figure 3: I-T model violating the stability condition for a = 1, c1 =
c2 = 1, d1 = s = r = 0.2, σ = 0.3, I(0) = 0.1, T (0) = 0.1
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Figure 4: I-T-D model(Drug) is violating the stability condition for
α3 = 0.3, v(0) = 0.1

– Drug free equilibrium point is ( s
d1
, 0, 0)

– With drug administration ( s

d1+
β1
β3

, 0, 1
β3
)

• Co-existing Immune-Tumor equilibria.

– Drug free equilibria (I∗, T ∗, 0) [same as Immune-Tumor model].

3.2.1. Stability Analysis for Tumor Free, Drug Free Equilibria

Linearizing the I-T-D model around ( s
d1
, 0, 0) a linearize system of equations

have been describes as:





İ

Ṫ

v̇



 =





−d1
rs
d1σ

− c1s
d1

−β1s
d1

0 a− c2s
d1

0

0 0 α3









I − s
d1

T

v



 (3.24)

Eigenvalues are:

λ1 = −d1 (3.25)
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Figure 5: I-T-D model(Drug) figure is stable for α3 = −0.2, v(0) = 0.1

λ2 = a−
c2s

d1
(3.26)

λ3 = α3 (3.27)

(3.28)

Hence the model will be stable if:

a <
c2s

d1
(3.29)

and

α3 < 0 (3.30)

As the parameter α3 always positive, hence the system around ( s
d1
, 0, 0) is not

stable.

3.2.2. I-T-D Model for Tumor Free Drug Administered Equilibrium

Linearize system around ( s

d1+
β1
β3

, 0, 1
β3
) give rise

λ1 = −(d1 +
β1

β3
) (3.31)
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Figure 6: I-T-D model(Tumor) is violating the stability condition for
a = 1, c2 = 1, s = 0.2, d1 = 0.3, T (0) = 0.1

λ2 = a− c2
s

d1 +
β1

β3

−
β2

β3
(3.32)

λ3 = −α3 (3.33)

(3.34)

Hence the condition for stability will be:

a < c2
s

d1+
β1
β3

+ β2

β3

3.2.3. I-T-D Model for Co-Existing Immune Tumor Drug Free
Equilibrium

The stability of this model bahaves exactly similar way as in case of co-existing
I-T model. So the condition for stability will be same as (3.4).
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Figure 7: I-T-D model(Tumor) stable for a = 0.2, c2 = 1, s = 0.2, d1 =
0.3, T (0) = 0.1

4. Analysis and Conclusion

The initial number of immune cells and tumor cells assumed to be 0.1. As the
conditions for stability depends on the system parameters, both I-T and I-T-D
models are simulated under different stability conditions.

The condition for stability for I-T model around tumor free equilibrium is
given by (3.4). Considering the parameters value given in figure 2 shows that
the I-T model is stable.

Changing the parameters figure 3 shows instability for tumor growth as the
stability condition is being violated.

I-T-D model has also been simulated under same initial conditions and sys-
tem parameters are chosen considering the conditions for stability (3.29) and
(3.30). Figure 4 shows instability where as figure 5 shows for drug adminis-
tration. Considering the tumor cell growth, figure 6 shows instability where as
figure 7 shows stable tumor growth for ( s

d1
, 0, 0). The immune cell growth for

( s

d1+
β1
β3

, 0, 1
β3
) is verified in figure 8, which shows stability.

In any dynamical system, the system behaviour depends on the point of
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Figure 8: I-T-D model(Immune) stable for r = 0.2, β1 = 0.3, β2 =
0.2, β3 = 0.3, a = 1, c1 = 1, s = 0.2, d1 = 0.2, I(0) = 0.1

equilibrium. The behaviour of a non-linear system around the equilibrium
point is an important aspect of stability analysis. In this paper, both I-T and
I-T-D models with different parameters and under same initial conditions are
analyzed and observed an insight to the system behaviour.
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