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On the stability of immune-tumor model with one term delay
in tumor (I − TD)
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ABSTRACT

A mathematical model is presented that describes the growth of the tumor cells with delay TD and intrinsic behavior of it in the presence
of immune cells I .The immune-tumor model is modified with inclusion of one term delay factor. The behavior and stability of I − TD

model have been analyzed. It is found that stability of the model depends on both intrinsic growth of tumor cells as well as on the delay.
The stability of both immune and tumor cells with delay has been analyzed under equilibrium condition and the conditions for stability of
both immune and tumor cells under delay are found.
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1. Introduction

The growth of tumor cell for cancer is very complex in nature as it involves many biological factors. Cancer
is caused due to unnatural growth of malignant cells which form tumor. The malignant cells that cause tumor
also affect the normal and immune cells of human body till treatments are started. Again growth of tumor
has been seen to follow a delay process, due to many reasons such as tumor cells taking time to release toxin,
due to the length of interphase or due to late reaction of immune system. To understand the behavior of
complex tumor growth, mathematical modelling of cancer with one term delay have been of great interest.
Many useful works have been done on models including tumor cells and immune cells (see [1],[7] ,[10]),
between tumor and normal cells (see [3] and [4],[6]), and between tumor and control using chemotherapy alone
(see [2],[3],[4],[8],[9],[12],[13],[14],[15]). The works related to delay work is discussed in many articles(see
[18],[19],[20],[21],[22]).

The mathematical model includes the growth of immune cells, tumor cells and also the use of drug adminis-
trated to control growth of these cells.

2. Model Description

There exists numerous mathematical model to study the behavior of tumor cells . In this paper two very simple
models described in ([16]) have been considered with introduction of delay term in tumor growth.In the paper
([16]) authors described two mathematical models namely

1. Immune-Tumor and Normal cell growth model

2. Immune-Tumor-Normal cell growth model with addition of control variable(drug administration)
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No delay term were considered by authors. This paper concentrate only on Immune and tumor cells, their
intrinsic growth and interaction between them. The delay term is used to make the model more realistic as in
most of the cases cancer is diagonised after a period of time of growth of tumor.

2.1 Model Equation

2.1.1 Immune-Tumor Model with delay(I − TD) in Tumor growth

Let I(t) denote the number of immune cell at time t, T (t) denote the tumor cells at time t. Immune cell I(t))
and tumor cell T (t) behaves as a predator-pray model of ineracting spacis([17]). In the absence of any tumor
the immune cell will die out at a rate d1 and presence of tumor cells stimulates the immune cell which may be
represented as non-linear growth of immune cells as follows:

rI(t)T (t)

σ + T (t)
(2.1)

where r and σ are positive constants. This type of response term as of the same form as the terms used in the
respective models of ([7]) and ([5]). Furthermore, the interaction of immune cells and tumor cells can result in
either the death of tumor cells or the deactivation of immune cells, resulting in the two competition terms

dI

dt
= −c1I(t)T (t) (2.2)

and

dT

dt
= −c2I(t)T (t) (2.3)

Also the growth of tumor cell has been effected by a delay term

1− bT (t− τ) (2.4)

Hence, the model equation for immune-tumor cell growth with one term delay may be represented as :

dI(t)

dt
= s+

rI(t)T (t)

σ + T (t)
− c1I(t)T (t)− d1I(t) (2.5)

dT (t)

dt
= aT (t)(1− bT (t− τ))− c2I(t)T (t) (2.6)

Here, equation (2.6) represents equation of tumor growth with one term delay. Where:
s = constant immune cell already present in human body,
c1 = Tumour deactivation rate of effectors,
d1 = Natural death rate of immune cells,
a = intrinsic tumor growth rate,
1
b = tumour population carrying capacity,
c2 = death rate of tumor cell,
τ = delay term.

3. Stability Analysis

3.1 Immune-Tumor Model with one term delay(I − TD)

Immune-Tumor delay model is a model which has T (t) as well as T (t− τ). here, if we consider equation

aT (t)(1− bT (t− τ))− c2I(t)T (t) = 0 (3.1)
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we will get two equilibrium points

T (t) = 0 (3.2)

T (t− τ) =
a− c2I

ab
(3.3)

Now, for the value T (t) = 0 we get I(t) = s
d1

. Hence, the equilibrium point will be ( sd1 , 0) For T (t − τ) =
a−c2I
ab we will not get any corresponding I(t).

3.1.1 Stability analysis for tumor free equilibria ( sd1 , 0)

Linearizing around ( sd1 , 0) gives a linear system of equation(
İ

Ṫ

)
=

(
−d1 rs

d1σ
− c1s

d1
0 a(1− bT (t− τ))− c2s

d1

)(
I − s

d1
T

)
(3.4)

with eigenvalues :

λ1 = −d1, (3.5)

λ2 = a(1− bT (t− τ))− c2s

d1
(3.6)

The the model will be stable if :

a(1− bT (t− τ)) <
c2s

d1
(3.7)

This is an implication that if a(1− bT (t− τ)) > c2s
d1

, then the system will be unstable, means no amount of
drug will be able to completely irradiate the tumor.

3.1.2 Stability analysis for co-existing immune-tumor delay(I − TD) model

Now, if we consider the equilibrium point T (t−τ) = a−c2I
ab , for this point the equation 2.5 will not be affected.

Now, if we consider the equation 2.5, we can write the equation as follows:

dI(t)

dt
= s+ I(

rT (t)

σ + T (t)
− c1T (t)− d1) (3.8)

This model will be stable if

(
rT (t)

σ + T (t)
− c1T (t)− d1) < 0 (3.9)

now, if we consider the equation 2.6, we can write the equation in the following form:

dT (t)

dt
= RT (t)(1− T (t− τ)

K
) (3.10)

where

R = a− c2I (3.11)

K =
a− c2I

ab
(3.12)

Now according to analysis of Hutchinson equation we can conclude

• If 0 ≤ Rτ < π
2 , then the equilibrium T (t− τ) = a−c2I

ab will be asymptotically stable.

• If Rτ > π
2 , then the equilibrium T (t− τ) = a−c2I

ab will be unstable.
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4. Analysis and Conclusion

The initial tumor and immune cells are taken to be 0.1. Here the condition of stability of I−TD model depends
on cell growth, i.e, the tumor cell growth and tumor cell growth with delay. The condition for stability are given
in equation (3.7), (3.9). The tumor model leads to Hutchinson equation which has some conclusion which has
been proved earlier and is mentioned in ([20]) .

The models have simulated under same initial condition for both equilibrium points. In Figure1 and Figure2,
the stability of I − TD model without delay are analyzed and observed that the condition of stability are
established. Similarly in Figure3, Figure4, and Figure5 describes the model behavior with delay term under
the condition of stability. In this case also the condition for stability are established. As the model described in
this paper is completely different from the model description of ([16]), the result found here cannot compare
with ([16]). This is due to the reason that the goal of ([16]) is to find an optimal control policy for tumor model
with immune resistance, whereas this paper emphasis only on the model bahaviour of Immune-Tumor model
under the delay.
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Stablity of tumor cell for I−T(delay) case

Figure 1: I − TD model tumor stability a = 1, b = 0.2, c2 =
1, s = 0.2, T (t− τ) = 3.0, d1 = 0.2

0

10

20

30

40

50

60

70

80

90

100
0 2 4 6 8 10

t

T

 

 
Unstablity of tumor cell for I−T(delay) case

Figure 2: I − TD model violating stability condition for a = 1, b =
0.2, c2 = 0.2, s = 0.2, T (t− τ) = 0.2, d1 = 0.2
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Immune stablity for I−T(delay) case

Figure 3: I − TD model satisfying the stability condition for a =
1, c1 = c2 = 1, d1 = s = r = 0.2
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Immune stablity for I−T(delay) case with tumor

Figure 4: I − TD model is stable for s = r = d1 = σ =
0.2, T (t) = 1.0
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Unstablity of Immune cell for I−T(delay) case

Figure 5: I − TD model unstable for r = 2, s = d1 = σ = 0.2, T (t) = 1.0
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