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Abstract : In this paper we consider a hyponormal 2-variable weighted shift 7" on £2 (Zi) and investigat.e.
conditions under which its perturbation T will still remain hyponormal. We show how hyponormality of the
perturbed shift 7" can be completely determined by identifying a set of positivity conditions. Finally we show
that perturbation of a 2-variable hyponormal weighted shift is weakly hyponormal.

1. Introduction. A bounded linear operator T on a Hilbert space H is said to be
hyponormal if [T*,T] :== T*T — TT* >0 on H.

Let {en}3%o be the orthonormal basis of £2(Z,). For a positive bounded weight sequence
a = {an}3%, the unilateral weighted shift on ¢2(Z,) with weight sequence « is the operator
W, defined as follows: Wye, = anény for all n.

It easily follows that W, is hyponormal if and only if a, < a4 for all n. Now suppose the it?
weight o is slightly perturbed and is replaced by z. If Wii.z) denote the perturbed shift, then
Wii.z) will still remain hyponormal provided a;—1 < z < @jy1.

Thus, if we originally have a strictly increasing weight sequence {a,} then for each i it is
possible to choose §; > 0 such that W};,) is again hyponormal for z € (a; — 8;, @; +;). In other
words, any slight perturbation of the i** weight still keeps the perturbed shift hyponormal.

In this paper we consider a hyponormal 2-variable weighted shift on ¢2(Z%) and investigate
conditions under which its perturbation will still remain hyponormal. For this we consider 2-
variable positive weight sequences o = {ak}kezi and 8 = {f} kezz such that a; < g, and
Br < Brte, for all k € Z2 and &, = (1,0), &2 = (0, 1).

Let {ex}rezz denote the orthonormal basis for £2(23), and Ty, T; be operators on £3(Z%)
defined as follows: Tiey = arere, and Thex = Brekte,, for all k € Zi.

It is assumed that 71 and T, commute and hence ayfk+e, = BrQte, for all k € Z_z,_.

We then consider the 2-variable weighted shift T’ = (T, T3) on £2(Z%). From (Curto, 1990)

we have the following results:

THEOREM 1.1 T is hyponormal if and only if
( Ry, — 08 ey Proter — kB
Ay =

>0 (Vkez?)
CkteaBhier — kBr 8. — B ) :
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THEOREM 1.2 T is weakly hyponormal if and only if

2.0 15,14 z T ’ . 272
(17, T2] (T3, T2 Az )\ Az 20 fa S Pt and AR,

A
(0,3) -
Boz |Buz  |Be
a a a
Bo,1) B, Bi2,1)
T 0,1) @(0,1) @(1,1) Q(2,1)
Bi0,0) B(1,0) B2,0)
@(0,0) @(1,0) (2,0) .
(0,0) (1,0) (2,00 (3,0)
jui. NS
Figure 1

Here we begin with a hyponormal weighted shift 7" = (T3, T%), as defined above, and having
the following weight diagram.

Now suppose we perturb the weight ay to x. If T = (’fl,’f’g) denotes the perturbed shift
then T1,T» fail to be commutative. So to preserve commutativity it is absolutely necessary
to perturb more weights in other blocks. Since it is a necessity we restrict the number of
these subsequent perturbations to the bare minimum. The further perturbation of weights in
adjacent blocks are as follows:

5
(1) Bk changes to y = Brz
Qg
Qe
(2) ak—e, changes to z = ——1—k
Br—e, ¥k

(3) Br—e, changes to t = -

with the understanding that if k = (0, k2) then we neglect (2), and if k = (k1,0) we neglect (3).
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T = (Th,T>) is the perturbed shift with weight sequences {dr}rezi and {ﬁr}reZi given as

follows :
z, Hr=k ys Mr=k
G, =4 % ifr=k-¢g and Br={t, ifr=k—e
ag, fr#k,T#k—¢ Br, ifT £k, 7#k—e9

Figure 2 gives the corresponding weight diagram :

A
0, k2 + 2)
ﬂk-—€1+52 ﬂk-}-sz
Qp—gy4eo | Xk
(0,k2 + 1) €1+€2 +€2
;B’C—El y IBk-f-E]
2 T Okyeq
(07 kY)
. Bk—el —£2 t Bk+51 —£2
L Qg —gg | Xk—e,y S )
(0,ky — 1)

0.0 =L0) a0 (L0

Ty
—p-
Figure 2
5 ﬂk—€2 . ,Hk—m & 2ais
As ap < ay, so by keeping.z < [ =—= | a4 we will preserve the condition
ﬂk—2€2 ﬁk—?é‘z

Bk-2¢, < t. Similarly, by keeping z suitably near aj, we can preserve the conditions
Bri—2e, <t <y < Brte, and ap_2e, < 2 < T < Qe

In this paper, we show how hyponormality of the perturbed shift 7' can be completely de-
termined by identifying the condjtions of positivity of Ak_2€2, Ak_sl_,E?, Ak_gel, Ak_sl , Ak_52
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and Ay, where

~2 -2 Y 5 3
5 Qrpe, — Or GrterBrie;, — Grfr ,
R e < T : = - (Vrezi)
(17-+52/37+51 —i@er Py .B-r+€2 = /31-

Finally, we show that it is always possible to choose d; such that for all x € (ax — 6k, ax + i),
T will remain weakly hyponormal. In other words, perturbation of 2-variable hyponormal shift

remains weakly hyponormal.

2. Hyponormality conditions. To check positivity of Ak—252 we consider
filz): = detAy_q,
2 2 2 2
= (8% = B2, )(Ckpe; —2e, — Xh—2c,)

_(ak—526k+51—262 = ak—252[7’k~252)2

ﬁz—ezai 2 2 2
7;2 G 'Bk—ZEg (ak+€1—2€2 = ak_252)
_(ak—é‘zﬁk+61—262 = ak—2€2:3k—2€2)2
20 o
. Lo k—ex"k 2 '}
ce fl(‘z) Tra '_x;_(ak-%-e;—%g i ak—2ez) <0.

Now, fi(ax) = det Ag_g2e, > 0. So by continuity of f; we can make the following conclusion
O1:

(1) If det Ag—2e, > O then there exists d > 0 such that for all z € (ap — O, ar + 0k)
Ag—2e, > 0.

(2) If det Ag—2e, = 0 then there exists d; > 0 such that Ak_kz >0 for all z € (af — Ok, k),
and Ag_o., # 0 for x € (ax, ok + 6.

Similarly to check the positivity of Ak_el_az, we consider
fo(z): = det Ak_E,_EZ
= (B o~ Pli—e) 0% e — Oy )
—~(&t — ak-El—EQﬂk—€1~€2)2
= [y ~Pngleg Rl — Pfeyog)

2
_ (ak—El aklgk—Ez

2
1.2. - ak—€1—62ﬂk—ex—ez>
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2 2
Qe O Br—ey [ Ak—e, OfBr—e.
fé(‘l") = 4 1]}3 2 < 1’1:2 2 _ak—é‘]—ezﬂk—€1—é‘g

ke, Br—
fé(ak) = 4_—%"’_&' (ak—é'lﬂ/\:—ag = ak—El—Ezﬁk—El—Eg)

> 0, ifok—e,Br—er > Qk—e1—e2Bh—e1—en
<0, ifatk—re,Br—e; < Wkmey—eyBk—e1—e,
= 0, f ke, Bk—er = Qhey—e8k—e1—c2
From the continuity of f, we can make the following conclusion C2:
(1) If det Ag_e,—e, > O then there exists § > 0 such that Ay_.,_., > 0 for all z €
(ak — O, ok + ;)
(2) If det Ag—¢,—¢, = 0 then there exists d; > 0 such that

(l) If ak—Elﬁk—Ez > ak—€1~€2ﬁk"€1-62’ then A"'—EI‘EQ 2 0forallz e (ak’ak +6k)’ and
Aj—ey—e, 20 for z € (o — O, ap),

(i) If dh—e, Br—e; < Qk—eq—eyPk—e1—es, then Ak_el_m >0 for all z € (ay — Op, ), and
Ak—El—Ez 2 0 for z € (ag, ax + 0k),

(1) B ooy Bcwy = Gy Dl e THEH Ak_slﬁez >0 for all z € (g + 0k, g — k).
For positivity of Ak_zel, we consider

fa(z) : = det Ak—'zsl
= (‘Z2 - ai—?é‘] )(ﬁ£—2€1+€2 £ 52—281)

2
_(ak—2€1+£2,3k—-€1 = ak—?e;ﬁk—Zel)
2 2
(6] (63
k—e Yk 2 2 2
= ( ‘1’.21 . ak—261> ('Bk—'lal-}—sg _ Bk—?cl)

2
_(ak—2€1+62ﬁk—61 S a’k‘—z.slﬁk-—%l) .

So,
2 2
Qe Y
fé(w) = -2 1:'; (/32—2&‘1-%62 - [313—261)

2
Qg
w filon) = 2= (B gy, — BRae,) <O
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Now from the continuity of f3 we can make the conclusion C3:

(1) If det Ag—2e, > 0 then there exists d; > 0 such that Ak_gsl > 0 for all z €
(g — Ok, g + Ok)-

(2) If det Ag—_oe, = 0 then there exists §; > 0 such that Ak_2€2 > 0 for all z € (o — O, k),
and Ag_oe, 20 for = € (g, ak + O).

For positivity of [&k_EQ, we consider
fa(z): = det Ap_,,

2 2 2 2 2
= (ak+51 —e2 ak—Ez)(y -t ) - (Zlfﬁk+sl —e2 tak—Ez)

2 2 2
o @ 2 ﬁf'c2 ’Bk—azak . ﬂk~€3akak——52
- (ak+€1—€2 = akf—sz) O‘2 _ = a’ﬁk+€1—-€2 i e
k

z? x
X 27 a2f 2 2 2 22
= —a—z [.'L' {ﬂk(ak+€1—€2 == ak—Ez) - ak‘»Bk?-i-E)—Ez}
2 4
3 9 Bi—es Ok
+2ﬂk-52akak—$2ﬂk+51-—€2 — Okte—ey ——’ET2—]

If det Ak, = 0 then fa(or) = det Ag_, = 0. Therefore,
’\ = /3Z(ai+61 —eg ai—.‘:g) - a%ﬁ?c+el —&9 = ﬁ’?:—sz (ai+sl—sz N 20"2)

Again,

1 20503 1., —e, i
/ = — (22 +€1‘—-€z —E2
4(z) = ) [ TA + 3

) 2
2 ato B
= e $2A+ k" k+es 252 k—e2

2
ox

2
fri(ak) (—y: [’\ . a%+€1—52ﬂ£-€z:|

B e,
> 0, if Qktey—ey > Ak

<0, if Qkte,—ey < QO

=0, if Qkter1—es = Ak
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Now since f4 is a continuous function, therefore conclusion C4:

(1) If det Ag—c, > 0 OF Qpye,—e, = Oy then there exists d, > 0 such that Ak_52 > 0 for all
T € (ak — O, Qg + 6k,).

(2) If det Ag—., = 0 then there exists d, > 0 such that

(i) If Qggey—ep >  then Ak_@ > 0 for all z € (ag,ax + d;) and Ak_52 ?0forz e
(o — O, k). .

(i1) If Otgte,—e, < v then Ak_EZ > 0 for all z € (o — &, o) and Ak_€2 ?0forze
(ag, g + O)-

For positivity of Ak—en we consider
fs(z) : = det Ag—e,

9 ;
= (.’132 = 52)(ﬂk—51+62 = ﬁﬁ—e;) == (ak—sl+€gy - lgk—elz)z

2 2 . . 2
I’ 2 Qe Yk 32 2 Qg1+ 5kT  pOp—c, Br—e,
= A 72 ( k—e1+e2 ,Bk.-e,) _ =

oy, T

1;2

= 20192 22 2 22
- a? I:ak' (ﬁk—51+52 - /dk',—-El) - C\‘k—fl-}'&‘g/‘.’k]
k

1 2 29
+2ak—51+62ﬁk0‘k—513k—51 i F(az‘—slaiﬁg—el+62)
If det Ag_e, = 0 then f5(cx) = det Ap_., = 0. Therefore

e 222 2 2 2 . 2 2 2
I‘L O ak(/jk—el-l-fz . Bk—él) s ak—£1+Elek w akf—61 (ﬁk—sl-f-fg = 2ﬁA)

Now
2zp . 2 :
/ 1. 2 2 12
5(T) = — + —_3ak_slakﬂk_5l+sz
o, T

2
f.é(ak’) = a(ll‘+ai*€1/3’3—€l+€z)

2
4a,€_6l

3 ('8/%—61+62 _ﬁf)

e

>0, if ,Bk——51+52 > ﬂk
< 07 if ﬁk—51+€2 = ,Bk
=0, if ﬁk—51+sz = /3k
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Again from the continuity of f5, we can make the conclusion C5:

(1) det Ag_, >0or Bk—e,+e2 = Bk then there exists d. > 0 such that Ak_sl >0forall z e
(ok — O, ap + Op).

(2) If det Ak_., = 0 then there exists 6; > 0 such that

(i) If Bk—e,+e, > B then Ak_el 2 0 for all z € (ak,ar + 6) and [lk_el Z 0 for
z € (af — Ok, ).

(ii) If Br—e,4e, < B then Ak_s, 2 0 for all z € (ay — ,ax) and [&k_e, 7 0 for
T € (ak, ok + k).

Finally, to check the positivity of A we consider

fo(z) : = det Ay

= (al%-}-el - '7"2)(1313+e‘2 - y2) - (ak—é‘zﬂk+€1 - zy)z

2.2 2\ 2
(2 2\ [ a2 Biz Brx
:‘ (ak+ex - )(ﬁk+€2 = a% ) G (ak+€2:3k+€1 R ok )

1]
== 1:2( = ﬂl%«t— = 'Bkak+51 + 2ak+ezﬂk+slﬂk
€2 a% ak

2 2 2 2
) + (ak+51ﬂk+5‘g e ak+€2ﬁk+€l)

2
T 2 22 2 9 2 2 2 2
'CE <2akak+€2ﬁk+e‘1 B — akﬁk+sg - ﬂkak+e.) + (ak+51:8k+52 - ak+52:8k+51)

1f det Ay = 0 then fs(ar) = det Ax = 0. Therefore
Y= (2akak+€2ﬂk+€1ﬁk il azﬂz+€2 - ﬂlgal%-}-g,) = (a%+52ﬁ£+51 w0 ai+elﬂz+62)

Again,
2zy 2z
F sy - 2 2 2 2
s(z) = e a (ak+€2ﬂk+€1 = ak+slﬁk+sa)
'k k

= Oa lf ak+€2ﬁk+€1 > ak-{-s;ﬁk-}-ez
<0, if ak+52ﬂk+e, < ak+€1ﬂk+ez

= 0» If ak+62ﬂk+51 = ak+€lﬁk+€2




PERTURBATION OF 2-VARIABLE HYPONORMAL WEIGHTED SHIFTS 277
From the continuity of fs we can make the conclusion C6:

(1) det Ak > 0 Or QkteyBrte; = Okte, Bkte, then there exists dr > 0 such that Ay > 0 for all
T € (ak — Ok, o + 6k)-

(2) If det Ay = 0 then there exists 6 > 0 such that

(i) If OktesPkte, > Okte,Bkte, then A >0 for all z € (ag,ar + ;) and Ay # 0 for
T € (ap — 6k,ak).

(ii) If QtkyerBkte; < Qkte,Brte, then Ay >0 for all € (o — &g, ) and Ay % 0 for
T € (ag, ax + Ok).

From the above analysis we can exhaustively determine whether perturbation of ay will
again result in a hyponormal shift T or not.

For illustration let us consider the following examples:

EXAMPLE 2.1 Let T = (Ty,T) be hyponormal with Ag 3y > 0, Aps) > 0, A,y = 0 and
a(1,4) < 0,5 We want to perturb o s)-

Applying C1(1), C6(1) and C4(2)(#i) we conclude that T will still be hyponormal for a slight
left perturbation of g 5), but will not be hyponormal for any right perturbation of a (o s)-

EXAMPLE 2.2 We want to perturb oz 11y. Hence we need to consider A(r,9), A,10), As,11)
Agr.10)s D11y D). Suppose A, 10y, Asa1)s Az,10) Brany > 0 and Brg) = By = 0.
So by C1(2) and C5, we make the following conclusions :

(1) If Be,12) < B(z.11) then T will be hyponomal for a slight left perturbation of a7 11y, but
will not be hyponormal for any right perturbation of a7 11y

(2) If Bo,12) > Br,11) then for any slight perturbation of oz 11y, T will fail to be hyponormal.

3. Weak hyponormality. For 7 = (11,72) € Z2 and |7| =71 + 72, let a; := o2, — a2,
2 32 o by
br 1= Qrie,Bries — arfr, dr i= 67-4.52 - {5, 80 that A, = b g .
: T T

LEMMA 3.1 T = (T}, T») is weakly hyponormal if and only if for all z = S crex € £3(Z%)
kez?
and for all \ € C, we have i

o0

s Ck+ Ckte
Z lc(O,j)‘za%o,j) St I’\IZZ lC(i,o>|2ﬁﬁ-,m + Z <Ak ( = ) ) ( ' ) > 2 0.

i=0 i=0 keZ? ACkees A Chte
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Proof: T is weakly hyponormal

& T, + ATy is hyponormal; VA € C

T, Tz, ) {[T3, Ti]z,x
= <(<[1 o, x) (T3, Th) 1)) (1)’(1)>2o;v,\eCandVSb‘Gez(Zi)

([T}, To)z, ) (T3, o)z, x) A A
We have
(T3, Tilex = (af — o} _.,)ex
(T3, T1)ex = (ChBrte,—ep — Qg Brmey)Chte, -
[Tl*a TZ] €r = (ak—51+52 Br — ak—sxﬂk—el)ek-—el-{-sg

[T2*7 TZ] €k = (/313 - /ng-—eg) €

assuming oy, ¢,) = 0 for allt; <0, t; € Zy and By, +,) =0 for allt; € Z,, ty < 0.

Thus for x = ) crer € €3(22), we have

keZ?

oo
<[Tf,T1]l‘,-fL'> = E IC(o.j)I2a?o,j) + Z ak|Crpe, |?
j=0 kez?

<[T;,T1].’II,.’L'> S Z bk Chteq Chites
kez?

<[Tl*’ TQ]IL', :L.> = Z bkck+€1 Ek-{-sz

keZ3
oc
¢ 2
<[T2,T2].’L',.'IJ> = ZlC(i, 0)|2[3(2i,0) + Z dk:|6k+52!
=0 kez?

Thus, T is weakly hyponormal

oo
2 Y
co.n|“ar, . 0
JE:Ol el 1 <1>>

: ()5
0 2 I, 0 %8¢ )
1=
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E aklck+€1 |2 Z bk5k+€1 Ckteo
kez? kez? 1 1
+< _ 5 ; > 2 0;
> bkChieiChter 2 QklChtesl A A
keZ? kez?

foral A€ C andz = Z crex € 3(Z%)
keZ?

o0 o0
2 9 - :
< Z e, 0,5 + A2 Z |C('i90)|2ﬁ(2i,0)
=0 i=0

C C
+ Z <Ak ( k+€1 ) ! ( k+€1 ) > Z 0:
kGZ‘i A Ck+eq A Cktes

forall \€C andz =Y crep € £3(23).
keZi

REMARKS 3.1 If T = (T, T) is hyponormal then Ay, > 0, V k € Z% and hence (by Lemma 3.1)
T is also weakly hyponormal.

For s > 0 define L, as follows:

a(s,0) |A,2B(23+1'0) b(s,O) 0 0 cus 0 0
b(s,0) d(s,0) + a(‘i;fg‘!) b(‘i;lli” 0 - 0 0
0 b(slgllz'l) d(?;fz'l) + “(T;-Ii.n "(-Kl'-'f» 0 0
d(1,s—1) @(0,5) by, s)
0 0 0 0 ... e+ 70 o
0 0 0 2 L iy ';‘A"Ig‘ ‘f‘;i'z? + ;ﬁf;gﬁ‘,’)

LEMMA 3.2 A 2-variable weighted shift T = (T1,T>) with weight sequences o = {a} keZ2 and

B = {Bi}rezz is weakly hyponormal if and only ifforallz = Y crex € £3(2%), and A € C
: kez?
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202 232 S
we have |c(0,0)|*(afy o) + |l Bio.0) + Z:()(L'n X0, Xp) 20, where
n=l

C(n+1,0)
- An,1)
Xn = )‘20(11—1,2)
)\-n+lc(0,n+1)
Proof: Direct calculation shows that :

(Lo Xo, Xo) = |>\[2|C(1,0)|2ﬂ(21,0) At |C(|,0)|2“%o. 1)

€(0,0) 45, €(0,0)+¢,
+( A0,0) .
AC0,0)+e2 AC(0,0)+¢;

<L1 X1=Xl> =¢|)‘12|C(2. 0)|2ﬁ(22‘ ot leco, 2)]2‘1?0, 2)

Ck Ck+4e
+Z<Ak< +61>,< +1>>
[k]=1 AChtey A Che

Similarly,

(Ln Xn, Xa) = MPleme1,02 811, 0 + le,n+1)[*0%0 nany

- Z <Ak < o >,< Ll ) >
|k|=n A Ck+teo A Cktes

Therefore,

)
IC(O.O)F(Q%(),O) + l’\l2ﬂ(2070)) + Z <Ln X'nv Xn>

n=0

o0 oC
=Y leep Py + MY lego 262 )
j=0 i=0

Clte, Ck+e
+ Z <Ak < ) ; ( 2 ) >
k:eZi A Chk+4eo A Clt-eo
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The result now follows from Lemma 3.1

; et ; Oz
Let aj be perturbed to the weight to z. For commutativity, G is changed to y = L,
o

) Qg Ao : e
Qk_e, is changed to z = % and fBy_., is changed to t = Bk \‘J'z—k.

Let T = (T}, T») be the perturbed shift with weight sequences {&T}Tezgr and {;3,},67‘2;r as
defined in section 1. Also just as A, and L, are defined with respect to T, in a similar way A,
and L, are defined for T. As T is hyponormal so L, > 0 Vs € Zi. Also Ly = L, for s < |k| —2
and s > |k|. So if we can show that Ly > 0 for |k| — 2 < s < |k|, then by Lemma 3.2 we can
conclude that 7" is weakly hyponormal.

For example if k = (3, 2) then L3, L4, Ls can be represented by the following weight diagram :

I
(0,5)
(0,4)
(0,3)
Y
(0’2) z T
7! t
(0,1)
L | Lo | Ls
(0,0 (1,0) (20) 3,0 40 (5,0)
T
Figure 3

THEOREM 3.1 Let T = (T1,T») be hyponormal with weight sequences {c; } ¢ 72 and {Br}+¢ 7%
Then for any k € Z2., a slight perturbation of the weight o, makes the perturbed shift T weakly
hyponormal (assuming that Bi, ax—e, and Pr—, are also necessarily perturbed to preserve
commutativity).

Proof: Let go(x) 1= Gs0) + |)\|2[§?3+1‘0) > 0.
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&(3.0) a5 |)"2/8(2s+1.0) B(S»U)
g1(z) : = det

beo) . dis,0) + a'ﬁ%ﬁ

G(s—1,1 " = <
= %\lg—)go(w) +det As.0) + [APBG 11,0y d(s.0)

&(3.0) + M|2ﬂ(23+1.0) b(s‘O) 0
7 7 a a—1, E'x— s
go(z) : = det b(s,0 d(s,0) + ‘im%ﬂ —‘m')ﬁ
0 ba—1.1) ‘Z(a—l.ng + Ggg—2.2)
YR [Al A3
é d b?
(5—2,2) (3“111) (8—1,1)

= e gl(SL')'i"W—gl(.’I:)— P go(x)

(s—2.2 A JolZ d -1,1 = 5 %
= (Is/\"l ).‘11(51:) +det Ag—1,1) _|/\(|4) + _(|s)\|2 ! (det A0) + lz\|2ﬂ(23+1‘0)d(3‘0))
(s—2,2 A go() J(s—l,l) % ~ ~ P
= e 91(z) +det Ay A + e det A;,0) + d(s—1,1)d(5,0)B(s41,0)
a(s,0) + |)‘|2'8(2s+1,0) b(s,0) 0 0 \
7 ¥ a s—1, 8 s—1,
b(s,0) dis,0) + G5t e Eae 0
ga(:z:) t = det 55—1,1 ‘Z(a-l.n G(a—2,2) i’g-z,z)
i “mr YA Y BE
\ O 0 b(s;2.2! d #;\-|2.‘2) + a TA—.‘J,S

G(s-3,3) ; ~ 91() = = 90(z)
= IA‘G 92(:1') +deth(s-2,2) IAls- +det A(S—l,l)d(a—2,2) W
+det A O)M 2 Geode-11de-22)
8; )

g (s+1,0) A4




PERTURBATION OF 2-VARIABLE HYPONORMAL WEIGHTED SHIFTS 283

Similarly,

Sa—st A g2(2 A 7 oz
g4(z) : = (T)\IS )93(.’1:) + det A(s_w)l—;\% +det A (y_g.2)d(s-3,3) |/\ﬁ14)

J(s— 1.1)J(s—2.2)d(s—3,3)
lAll'Z

~ ~ ~ go(x ~
+det Ags—1,1)d(s—2,2)d(s-3.3) % +det Ay ,0)

+[§2 (i(s,())cz(s—1,1)(i(s—2,2)J(s—:3,3)
M(s+1,0) I’\lw

For j = 0.1,...,8+ 1, let M; denote the (j + 1) x (§ + 1) leading submatrix of L, If
gj(x) := det M then

go(@) = sy + M8 41.0)

T i ) :
a1(z) = -‘Tle—lgo(:L-) +det Ay 0) + M2B241.0)d(s.0)
For § =2.8,...,8 g4(5) I8
v Wi ¥ X gj-2(x)
gj(z) : = N2 gj—l(-L)+detA(s—j+l,s—l)l—X‘4_(j_—1)
=1
-1 1 da—j+ri-n9G-1-0(@)
s r=
+§(det A(S*]'-Hy)'—l)) l’\l4(j_l)+(l—l)(2j+l)
g=L §=t
I1 d¢s—r.n) I1 d(s—r,n)

r=0

x =1 2732
+ det A(s.o)’Wj(j—_l)— + A ﬁ(sﬂ,o)w'i)—

a2 d
_ (0.5+1) i 9s—1(x) | deos) X 9s—2()
and gep1(z) 1 = Wfla(m) + det A(O’S)W W(det A(l,s—l)Ws'_—l)
-1 _ s—1 _
s—1 Hl d(r.s-—-r)g(s—l—l)(-'v) H] d(s—r, r)
i r= A r=
ats ;(detA(l,s—l)) A[AG-D+=D) (2 +D + det A(-9=°)'Wm—

r=0

2732
+Al ﬁ(s+1,0)_|'>\_|;ﬁ)—

s—1 _
H d(s—-r, T) )
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At 2 = oy, we have det A, = det A, > 0 for all 7 € Zi. Also as go(ay) > 0, hence for all
j=1,...,s, we have "
gilow) ﬁ;;.—”gj_l(ak) > 0.
Similarly

2
0o 541
gs+1(o) = I/\(IQ(—8;+1))9s(ak) > 0.

Thus by continuity of g; there exists d; > 0 such that g;(z) > 0 for all z € (ay — &k, ax +6%),
which implies that L > 0. So by lemma 3.2, T is weakly hyponormal for any slight perturbation
of ay.

References

Curto, R.E. (1990) : Joint hyponormality : A bridge between hyponormality and subnormality, Proc. Symposia
in pure Mathematics, 51, Part-II, 69.

Curto, R.E. and Lee, W.Y. (2005) : k-hyponormality of finite rank perturbations of unilateral weighted
shifts, Trans. Amer. Math. Soc., 857, 4719.

!DEPARTMENT OF MATHEMATICAL SCIENCE
TEZPUR UNIVERSITY
NAPAAM 784028
INDIA

E-MAIL : munmun@tezu.ernet.in
2 E-MAIL : bimal_rs08@tezu.ernet.in



