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o be weighted sequences with positive weights, and W,

(Z,) with weight sequences (& and [3 respectively. If

equivalently, is a weighted restriction

normality and positive quadratic
d weighted restriction.

Weighted shift.
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¥TRODUCTION

 H be a separable infinite dimensional complex Hilbert space and B(H) denote the

pebra of bounded linear operators on H.For A, Be B(H), let [A,B]: = AB-BA. We say that
H is hyponormal if the operator matrix

an n-tuple T=(T, . of operators on
ir;.T, D :' j=o0 18 positive on the direct sum of n-copies of H. For k>1and Te B(H), Tisk-

rmal if (1,T,...,T*) is hyponormal. Again, T is weakly k- hyponormal if p(T) is
normal for every polynomial p of degree < k. It can be shown easily that

- hyponormality of T implies weak k-hyponormality of T.
For k = 2, weak 2—-hyponormality, often referred to as quadratic hvponormality (for
nsidered mdetajlbyCurtoin[I].Thedeﬁniﬁmd; yositive

‘which we write g.h.) was first co €
quadratically hyponormal operators (for which we write p.g.-h.) was intr by Curto-
Fialkow in [2]. Subsequently, it has been shown that 2-yponormality = pgh = qu. oug

.ll‘lemknmtalwaystrue.
. .
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Quadratic Hyponormality and . Positive Quadratic Hyponormality are not ...

In this paper we consider a weighted shift W , with a positive weight sequence @={«& ,}, -
We prove the following results:

1. If W, is qh. (or p.q.h) then it is not necessary that W, is also g.h. (or p.qh.) ,
whenever [ is a subsequence of & .
2, If W, is not g.h (or p.gh) then it is not necessary that the same is true for W,

whenever [ is a subsequence of .

PRELIMINARIES AND NOTATIONS

Let {e, } ._, be the canonical orthonormal basis for o (Z,)and let ¢={ ,},_, be abounded
sequence of positive numbers. Let W, be a unilateral weighted shift definedby W , e =& ,
e, forn> 0. Then W , is hyponormal if andonly if & , £ &,,, V n2 0.

We recall here some terminologies and notations from [2]. Also we note that an operator T is
quadratically hyponormal if T + sT?is hyponormal for every s€ X,. Let W » be a hyponormal
weighted shift. For s€ X.,, we let D(s): = [(W +s W _ *) (W _+s W, *)] and let P, be the

projection onto V[, (e, }. We define

D,:=D, (s)=P, [(W +s W, ) (W, +sW_ )P,
4 H 0 . . 0 0
rn ¢ KR -+ O 0
0 n g 0 0
0O 0 -0 .. g, 7,
0O 0 O Fy Gy )

where q,:=u, + 152 v, , I, =S W, ,Ugi= -0, V= O Oy -0y Gy 5 Wyt
=@l (ol -al,)? fork= 0and a_ =0_,:=0.

Clearly, W, is q.h. if and only if D (s) 2 0 for every se X.,and every n= 0. Let d , (.): =
det(D , (s)). Then it follows from [2] that d; = q,, d,= qoql—!ro]2 and d,,,= q,,4d,.-

zdn for n= 0, and that d , is actually a polynomial in t: =|si2 of degree (n+1), with

rn:+1
n+l
Maclaurin expansion d , (t): = Z ¢(n,i)t’ . This gives that for n> Oand 1 < i< n+l,
i=0
l. ¢m 0)=u,u,..u, 20
2. c¢nmtl)=v, v,...v, 20

3. ¢(l,D)=u, vy-uy, v -w,20.
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e, i)=u_ c(n-Li+v, c(n-1,i-1)-w,_ c(n-2,i-1) fornx 2.
o em D=u cElipaw, 6 -w,  uu, ... u, )forn>2.

k. Also we recall from Definition 4.2 [2] that W , is p.q.h. if ¢(n,i) > O forall n,i > 0 with
=4S o+l

in, if P denotes the non-negative real numbers, then for x,x,...x,and s in P, we denote

= Ff o, Xy, 00,8 )

= ZQ;xz zzr 1+l

=0
n n 2
= Zu x; -2s Z,/ W XX, +S Zvixi
=0 =0

v And recall, for further use, the following result :

- Theorem 2.1. [7]: Let W, be a weighted shift with a weight sequence & . Then the following

are equivalent :

(i) W, is quadratically hyponormal;
Y X (1) F XgoXp50ms X555 ) 2 O fOr any %o, Xysees Xy 36 P, (02 2}
(i) There exists a positive integer N such that F,( x j,x ,....xy, s ) = 0 for any

XgsXps vens Xz, S€E P, (n = N).

EXAMPLES OF QUADRATICALLY HYPONORMAL WEIGHTED SHIFTS

this section we show that the weighted shift on ¢ (Z , ) with weight sequence «:

; 43
\/‘ \/7 [ . having a Bergman tail, is quadratically hyponormal. This

examplc is to bc used in the next section to prove the statements 1 and 2 claimed in section 1.

s Eamxple3 1. Let he  positive weight = sequence  given by a:

\/7 " [ ( - Then  the weighted shift operator W , with weight séquence

a is quadratzcally hyponormal.

o n .
Proof. Let{ @ , }_, denote the sequence & .Then ¢,,, = Vrsl® Vn 22 and so, in terms of
n+

the notations introduced in section 2, we have w, =u,, v, ,Vn > 5. In view of Theorem 2.1, it is
sufficient to show that F, 20,Vn 2 5.

i o A B AR e B U
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Quadratic Hyponormality and Positive Quadratic Hyponormality are
For X se-3Xs,8 r€als, we define
ERE A Bl — vsz‘x5 where §% =1,

_Z(u +1v,)x} ~22‘/_x, kA +u5x52.

i=0

Wil \/
Then Fs =G, +(v5t———~ X2+ ,% ~Jutg +1vgxg)

Hence, F (x;,....%,5)20 for any Xxg,...,Xs,S€ P,

: w.t )
S G5 (Xgseees X5, 8) + (vt =———)x2 2 0 for any Xgseees X5 ,S€ P,
: Ue T 1V

S G5 (Xpsmes X5, 8) + vstx; 20 forany x,,...,%.5€ P,

<6

; 14
(using w, =u, ,v,,Vn25 and 7, = u—")

Similarly, '

F, (XgseersXy,8) 20 for any Ksree s Koy S€ P,
2okt

1+ z,t + z,2,1>

So, by mathematical induction, for 1 > 6, we have

S Gy(xg,e00X5,8) + ~vstx2 20 for any Xipsrsshe SE P,

=5 .. 2
(Z'n nl 26 ” )VSIXS

F, 20 G+ —20
14z t1 g z,,_,t Foont B2 g0 Bl
1
=G +— 1 : vstxl 20 (1)
I+—+ = g e et
Il Zg2q1” Loy v I

Claiml: G5(x,,...,Xx5,5) 20 for 0<s<40.299

The corresponding symmetric matrix to the quadratic form G, is

(ug+1vy, —yfwpt 0 0 0 g
wol Uy +1v, —\/w—lt 0 0 0
Alr) = 0 AWt u, +tv, — ‘wzt 0 0
0 0 —A Wit Uy ttvy  —wt 0

0 0 0 =Wt u, +tv, —w,t

.0 0 0 0 " —Ywg ou
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5 3r 43¢ 43>  559¢ 3012 7317 20683¢*
R— - id= +——.d, = + ;= - +
320 640 12800 76800 1024000 1024000 12288000

—
& 3014 N 301 B 34529¢* ” 599807+’
* 12288000 10240000 368640000 1474560000
L B e 356470 . 20685
245760000 122880000 7372800000 9830400000

: If 0<r<0299 then d,,...d, >0 and d, >0, which implies that A(¥)=0 for
~ 0<1r£0.299 and” G5(xy,.., X5,5) 20 for 0<5<+/0.299 and claiml is established.
Hence by (1), F,(%y,....%,,8) 20 forany xg,...,x,.s€ P, and 0<s< ~0.299 .

4(n+1
As z,,'—‘v""—' L ’),
u, n+2
1
1+._1__+ 1 = +___+————1~?Sl+ + 1 2 F oo 1 s S 1
gt ZgZyt” 26272yt Zgt  (zZgl) (z¢0)" 1= .

id

(n=35), so{z,} is anincreasing scquence and hence

¥ Hence ifz > 0.299, then

Gs + 1 1 1 1 vstx'sz ZGS +(24t"7]x§' (-ﬂ- Zb z;;..and V‘s :%)
L3 ot

Zgl  Zg24t 252y Z b
Now we consider the corresponding symmetric matrix B(t) to the quadratic form

G+ (24t — ]xsz as follows:

n=5

144
1 k
Ug +tvy —fwyt 0 0 0 0
—JWot  u v, —ywit 0 0 0
0 ~JwiE Wy tty, = fwnt 0 0
B 0 0 —Wat Uy v, —Jwyr 0
0 0 0 — Wit u, v, — Wyt
| ‘l 0 0 0 0 —Jw,it u + 24tv‘_7
) T 144 )

done in claiml, d, >0 for t 20299 and i =0,1,2,3,4. Also, d; of B(1)is

3017 1191487 66530897  599807#°

D000 1474560000 265420800000 1061683200000 8847360000
D299 . This is because dg is an increasing graph as is seen from the following
maticz graph of d.:

=0
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Fig. 1.
Therefore in view of (1), F, (Xy50000%,,8) 20 for n>5 and s> \/0.299 .Thus forall t > (.
F, 20(n 2 5). Soby theorem 2.1, W, is quadratically hyponormal. : o

1 f4 |
Eamxple 3.2. Let & be the positive weight sequence given by & : \/-g . \/g , g% ’\j

13
\/g s... Then the weighted shift operator W « With weight sequence & is quadratic

hyponormal.

This can be shown by a method similar to that used in Example 3.1.

MAIN RESULTS

Definition 4.1. Let & and £ be two sequences of positive weights, and W, and W, be
corresponding weighted shift operators on £ (Z +)- If [ be asubsequence of & we define ¥
as a weighted extension of W, or equivalently, Wy is a weighted restriction of W .

As earlier stated in sectionl, here we will show that the properties of quadratic hyponormality ¢
positive quadratic hyponormality are not preserved under weighted extension and weigh
restriction.

Theorem 4.1. Let a={a , ), be a sequence of positive real numbers and A be any posit
real number. Also let A & denote the sequence [ A o 2t oe . Then W is quadratica

hyponormal if and only if W, is quadratically hyponormal. Moreover the result is also true
we replace quadratic hyponormality by positive quadratic hyponormality .
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have o={a ,},, and Ao ={Ae,},_, and in terms of the notations defined in

' k. d”k - 12”1*%dk for £20 , where C}k = det( D’~,I (s)) and

Voo +sW2) (W, + sW. )P, . This shows that W, is q.h. if and only if W,

s calculation we get the relations
%20k 0), ok, )= A*ek,D), ..., clk, k)= A%k k),
=A%k, k +1)

or k>0 and 0<i<k+1, c(k,i)20 if and only if c(k,i)2 0. Hence W, is p.q.h. if
ifW,, ispqh o

stionl: Is q.h. (or, p.q.h. ) preserved under weighted restriction? That is , if £ is any
] sequence of a sequence & of positive numbers, then does q.h. (or, p.q.h. ) of W , necessarily
mply q.h. (or, p.gh. Yof Wy ?

Ilis guestion is answered in the negative as is seen from the following examples:

I L [8 ]2
; Example 4.1. If o denotes the weight sequence & : \/: : \/: A, \/: . \/—37_ oo then
- 2 V2 V80 ¥3 V4
- - ; i 1 1 Jj2 |3 y ) .
W _ is g.h. as shown in Example 3.1. But if [3: > Vo V3 V2 ,...then [} is a subsequence

@& and W, is not q.h.(Example 3.10. [3])

1 ple 4.2. If o denote the weight sequence & : E,\/—%,\/g\/g, ;then W is p.q.h.
\ 2 12 |4 |6 (8
pm 7.[1]). But if B: \/;,\/;,\/;,\[;,XE,...,tIzen /3 is a subsequence of &, and

1. since c(4,3)<0.

s g.h. (or, p.q.h. ) preserved under \;i;eighted extension? That is , if [ is any
'@ sequence & of positive reals, then does q.h. (or, p.q.h. ) of W, imply q.h. (61',

wered in the negative as is seen from the following examples:

Example 3.8 [3] if a={a ,} is sequence of positive weights such that 0 <

X, < s S ..., then W is not q.h. Thus if we choose & as the sequence
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a1}1 Jl 1,1 1’1 1,1 1,'2 1,3 then W _ is not g.h. Let [ be the sub f o
Pl = al = Al =l = Al sal = s 4] s IRE is not q.h. e the subs
> \V3 V2’ V2 V2 V3 Vs & q e . subsequence ©
; 1 1S , .
given by 3 : 5, 5 : Z ,... Then Wﬂ is g.h. (proposition7. [1]).
_ iy . 1 11 2 i3 ]
Example 44. Let @ be the sequence & : 5 ] -5 , -g , Z ,... Then W _is not g.h.

(Example 3.10.[2]) and hence not pqh. If [ is a subsequence of @ given by p

12
\/;, \/;, E soomsthen Wy is p-q.h. (Proposition 7. [1]).

CONCLUSION AND OPEN PROBLEM

T e
For a positive real number z, let 0/(z) denote the sequence & (z): JE : g ,JE ,J;_. \E .

4 ] y
In examples 3.1. and 3.2. we have shown that W, is ¢.h. i & =£ﬂ %., In view of the

questions answered in section 4, one should be able to determine all M\*ﬂ of z such that

: 47
W,y is g.h. We have reasons to believe that it is g.h. for all z ﬁs“% 7 < B

However, this has to be validated by rigarous proof.
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