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Abstract

The authors give the set theoretic (combinatorial) inter-
pretation of different modulei in the infinite product, which are not
zvailable (derive identies related to modulus 11, 17, 19) in this form in
-he literature using multiple summations.
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1.0 Introduction

Work on the Rogers-Ramanujan

Tzentiies nave been going on for the past
vears, The original Rogers-Ramanujan
ZenTinesaere:

oz

T TL :H(l_qﬁl—l )*1 (1-—q5n_4 )‘1

—iqq),

Since then many eminent mathema-

:ns lave done work relating to different
< <I:2 infinite product. Prominent among
G.E. Andrews, D.M. Bressoud, G.
ziid Bzilev. to mention a few. Here
dentities related to modulus 11,1719,

which are not available in this form, in the
literature, using multiple summations. These
identities have an interesting set theoretic
interpretation related to partition theory.

In the second half of this paper, we
give the set theoretic (combinatorial) inter-
pretation.

Definitions and Notations:

1.1. For | q | < 1, the g- shifted factorial is
defined by (a;CI)O

(a;q)n:H(l—aqk> forn>1



—
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The multiple g- shifted factorial is Ifpisa non-negative integer, thep

‘(al,az, ....... an,q) (albq) (37 q) """ ( ;q)n (aq)q Za pn n
(aj,ay .. am;q)n=(211;q)w(a:JQ)m ----- (am:q),

ptr ianq112—pn+2njan
| Q) et
_i (al;q)n (aZ ’q)n """ (ap+l ,Q)nx (_1) q

(q;q)n(bl;q)n(bl;q)n """ (bP”;q)n where Bn = Zn o
o (@q), (aqiq), .

The series p+l¢p+r converges V' positive

-0 Derivation of Rogers- -Ramanujan
integers r and Vx. For r=0, it converges  Type Identities modulo 1] -
for | x | <1

Using (1.4) of [1] and Bailey’s

1.3. Jacobis Triple product Identity, we get the following transformation

Lemma,

% -1 ZL n 5 0 e a2n+4r n+2nr42r2 —pn-pr
(% .27 aa) =3('gt |, Ga), ¥y

- 0 e (@9, (a:0), (90”0
and its corollary,
Z( ) (2k+1) n(n+1) o (q_p;q)j(_I)Jazjqj(ﬁ-l)/Z
= \.
““‘°° 0 (q:9),

(2k+)n(n+1) . .
:Z(_I)nq%—m(l~q(2n+l)1) . (az;qz) (

2 4n n IOn 11n? -2pn=4n'--
J=D"a
n=0

.\2
% @i

1

_ 2 (2k+1)n(n+1) _(2k+D)n+i kD) (041~
L O

Using (1.2) and letting b,x,y — o =

3
=S,

1.4. Baileys Lemma: replacing a by a2 in (1.4) [1] we get
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ﬁ’a’ 4 ) (l a2q4r)(_l)r~qr(7r—l)

a7 (1-a®)(a’qa)

A

@),

I
[’13
o
-0

(2.2)

1
H
e

2 2
(9:0), (a:0),,_, (a’a:q )
The LHS of Bailey’s lemma (1.4) for a=a”
(a%:a%) (1-a%q* )(=1)"q"" 2

(a%07),(1-97)

Uarip = 0,00 =1 gives

[ ]

0

»a?_q;q)w ZaZrlqn“ﬂm
n=0

{a q ) (1 a2q4r)( 1) t{7e— 1) 6r

w i) ’}r[1—a‘)(q;q)n_zr(azq3q)

[’]u

_‘
\ |

n+2r

% 2n4dr n2+2r2+2nr—pn~pr

=(a"q:q) > Y=

“=0n=0 (4:9), (q:q),

(a%aa)

(2.3)
The corresponding RHS of Bailey’s lemma
for the same, yields.

- (:q—p, )( 1)1 2) i(i+1)/2
Z j

i=0 (q;CI)j

4n _4n’-2 pn+4nj
Za %p
n=0

n

1 j 21 (D2
") (-1)'a

=0 (q;CI)j

)n lOn 11n® =2 pn+4 nj-n
Equating (2.3) and (2.4) we get our required

result (2.1)
Taking x.y.N,c,d > oo in2.30 of [1] we get

2.4)

( 2) a4r+n 12r2+nz+6nr~6r—n
2r+n

(agiq),, ZZ

n=0 r=_

(g; Q)n< :q 3>r(a;q)6r+2n

_i( :q ) (I—a“ql 11)(_l)na5nq3n(1lnf3)/2

) (a:q°) (1-a)
(2.5)

Now equation (2.1) for a=1 with p=0 replacing

i ; : .
g by q’ and using Jacobi’s Triple product

identity we get

“,l' L
)

(a:q),,

2 2
0 o L—+nr+n

) g’g‘; (q q%)r(q%;q%)n[q%;q)r
-T1 (-0')

n#0,45(mod 11)

(2.6)

Proof: ‘
For a=1 with p=0 replacing q by qéﬁ in(2.1)

we get
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1.2 2
Tn +nr+t

q
o) S
f‘~0“0(q .q° )(qz;qz) (qz;q)

/‘ﬂ
u‘._
I\J‘._.

S (eg)at
n=0

_ i(_l)n{q;(llnz—n) +qé(lln2+n)}

_ _Z(_l)nq 11n2+n

:(q6,q5,q”;qu)m [using(1.3)]

e 1
9 2
(q »q - ) “T+nr+r2
oo

S
(o),

q
1 1 e 1
(@), =0 q’:q (q2;q2) (ql;QJ
6 5 11 11
(q .4°.9 .q )m
(q:9),

T (1)

n#0,4+ 5(mod 11)

Hence the proof.
1
Equation (2.1) for a =1 with p =1 replacing q by qT we have
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1
qq),,

.
\+m+n —n-r n+r
I—q

R IR

[T {1=a")

n=0,+4(mod 11)

1
~.1) for a=1 with p=1 and replacing q by qT we get

w‘—-

e
Ci )zz(qé:ql 1

1 e 1
O r=0 n=0 z)(qqq j(q

5
ox 1ln~-3n «

o]~

N

n=0 n=0

5 A I]nf+n
:Z(_1)11<1+q11) 3 +Z(_l)n(1+q >q 2
n=0 n=0
€x - 1 lnszm 112 1112430 1102 4n
=2.(-D"q ? ’ +Z(1 *o4q -

11n +3n lln +n

DAEIR R Y&

n=-0 n=—o0

(q q)gr r=0 n=0

%)
(.
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q
T3 (ot
(oTat) (%)

(using 2.7

o=

1 2 4
R Anrtr” —n-r n-+r
q el ) w o ow 2 (1_ )
( " q q
1

Taa () () (o)

-1

oy

L

Sy
n=#0,44 (mod 11)
Hence the proof .

!
Equation (2.1) for a:q% with p=0, 1,2 successively gives upon replacing q by q7 ang

using (1.3) the following:

2 9
Lt nr+n+2r

% @D [+a) q_
(q—;q) 27T T
» r=0n=0(q2 2)

=11 (l—q“)_l
n=0,+1(mod 11)

2 = 5
n oF . n
+T+ﬂr+l +7

() X
B A )

@ =0 n=0

w‘_
:5
9
}_/
VR
o I

-T1 (1—q“)~1

nz 0,42 (mod11)
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~“—3—+r+r2 +nr T
&Y r = q - (1'—q - )
974 j Z Z

L 1 1 3
7 r=0 n=0 (q 2 5q ) (qZ ;q2 ) (q 2 ,q)
r n r

ro‘._.

s

n=0.+

(mod 11)

[
¥
1

1
(2.3) for a=1 replacing q by qT and using (1.3)we get

1 an - 2
3 .-, n° ._n
‘ q q j o . 41 =
0 (q’q)21'+n—1 q

Yy T
(@q), = “:O(q%qj) (q;q),.(qﬁ;qﬁ
n or+2n-1

- ) T e

n=0.+4 (mod 1) n#£0,+5 (mod 11)

ere zxing b—» 0 in (2.25) of [1] we get the transformation

2 2
6.3, ( 2 ;q)3n+7ra6n+8rq3n +6“"+%““7—3pn—apr
l2°q7:q ) ;)nz_(:) (9:q), ( S)n(azq;q)r(a6q3;q3)3l+7r

3j(+1)

v arion of Rogers- Ramanujan Type Identities Related to Modulo 17 :
; £
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(2.12)
(2.13)

~3p, 3 i 6j 2 ,
q qu )j(_l)Ja Jq 2 w (a2 ) (1 a2q4n)(_1)na16nql7n n—6pn+12nj

'v”‘,l‘/]"

3.3 2 2 2
(aa), = (a%:07), (1-2%)

3.1
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P TR B m e =3 O3 PE
bl - -

= (q 1 ):; g
(3.2)

Now equation (3.1) for a=1 with p=0 replacinz g => 2~

3 3
(qz q° ) ii
. 1L 5
(q>CI>OO =0 n=0 (q :q° ) .(q

-1
n
= (1—q ) (3.3)
n#0,+8 (mod 17)

T in (3.1) we get

and for a=1 with p=1 replacing g by q

1 () e T (1—q“>*
nz 0,4 6 (mod 7

1

n#0,+ 5 (mod 17)
qT and using (1.3) gives

Equation (3.2) for a=1, p=0 replacing q by




e
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1 1 311 )1 +3H+HL
q2 ’ql ) q 4 4
Z Z ( 3n+2r
( i

1 1 3 3 ] 3 3.
(qq>f r=0 n=0 qz;qz)(qq,q j (q oq- )(qvng)
. i r 2n+2r+1

-1 (-9)” (3.5)

n=0.+3 (mod 17)

aeniities of Rogers Ramanujan Type identities modulo 19

s:ger the transformation on (2.25) of [ 1 ] & taking b— o0 we get

6n+8r 311:+6nr+41‘2—3pn—3pr
a’q:q LA

b)

{1a6q3;q3) i i

(JJ
(%3 I\)

-
Il
<
-
I
<o
~~
0
0
~—

r(q a’) (a%a:”) (a%a%a’)
(q—3p;q3) (—l)j aéjq3j(J'+1)/2

=0 (q3 ;q3 )j

Z (q ;qz)n(l_az) | (4.1)

) a 6048t 30> 46nr+d 2 +60+6 =3 pn—3 pr
Int2r

-0 (q;q)r(azq;qz)r(q};q3)r(aﬁq3;q3

- (a*aiq

)2 n+2r+1

_ i 67 3i(j+1)/2+46]
(q 3p;q3)j(_1)Ja Jq J(1)2+6]

= (a’a”),
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» (a2q2 ;qz ) (1'—83 q ~ e _ ) 5 K : g o el 20
poL Ll (4.2)
n=0 IR
Now for a=1with p=0 replacing q b q Toar s ousm LT ) e e
%’ . % ~ My L e
q-:q- ®xx < & &
o0 Z Z Mt 27
(@), 0n=0g7ig” g7 e e blai-q-
n v Ir-2r
n =
= (1 —q ) (4.3)
n=0,+9 (mod 19)
For a=1,p=0 and replacing q by qi A D e et
% . - LT i AT e Sl Y
q-: w m e g -
= N N T
A
(q;q) TR R - by
< gt S ‘[\“*&Ji"-“iﬂ
e Lol Tl
1!
= (1 -q") (4.4
n=0,+3(mod19)
Combinatorial Interprerariv: Form L= = e+ b wners p-2byy;

Identities Related to modulo 11 :

To give combinatorial Interpretas. -
we require the following results:

Theorem (1) (Basil Gordon)=:

Let 1 < a< kbe integers and B, o

denote the number of partitions ofmos e

TD - b [

BTl

2D wmd | wppears 25 2 sammand

- wemes. Let Ay (07 denote T number

i oo O 0 SN [T IO 0071010 0,+a

= 2k Dl Thhem 3\“ . :Bkma (n)
T EN
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Toe orem 2y (Andrews)*:

Ler B, . (n) denote the-number of
parsisions of nof the form n=b, +b, +..+b,
were b >Db._; only parts divisible by 3 +1

a1y be repeated b;—b, (=A+1 (with
siriet inequality if (7\,—(—1)le ), and the total
r.mrer of appearances of summands in the

D

12+ is atmost a-1. If 2 is even,
‘=7 4. . (ntdenote the number of partition of
= ‘=20 parts such that no part #0 (mod

.~ imay be repeated, and no part is congru-

grtiol [a—%k) (h+1) (mod (2k—1+1)

b1t

If & is odd, let Ay, (n) denote
-2 r.umber of partitions of n into parts such

<=zt no part #0,(mod %(7&4'1) may be

=zn¢ated, no part is congruent to (A+1) (mod

L4
qwq*j .

161

(2 A+1)), and no part is congruent to 0, +
(2a-X )é—(?ﬁ-l) (mod Qk—A+1)(A+1)).

Then provided k>2A—1 and k=a=X, we
have Ax.k,a(n):Bx,k,a(n) for each

natural number n.

Note :Basil Gordon's Theorem is a corollary

of Andrew’s Theorem considering k. =0.

Now we give the combinatorial interpretation
of the Rogers Ramanujan Type identity
related io modulo 11 (2.3) :

Using Andrews Theorem the combi-
natorial interpretation of (2.3) is

1+i A5,4(n)qn
n=}
=T] (l—q“)_1

n#0,+5(modl1)

n2 2
e nrdr

T, go E) (qé;q%)_(q

11 .l_
)

:1+Z B5,4(n)qn with|q| <1

n=1

Sere considering A=0,A 5 4(n) is the number of partitions of n into parts such that no

=z = 0 may be repeated, and no part is congruent to 0, + 4(mod 11) and 35,4 (n) denote

*= number of partitions of n of the from n=b, +b, +...+b where b; >b, ;. b;-b; 4 >1
iri 1 appears as a summand atmost 3 times.
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e identity (2.9) (modulus 11)

Theorem the combinatorial interpretation of (2.9)is

Interpretation of th

Using Basil Gordon
1+ZA574 (n)q" +14+ 2 Ass (n)q"
n=} n=1

=2+ZA5,4 (n)q” +ZA55 (n)q"

n=1 n=1
=1 SR
1 () T
n#0,+4(modll) n#0,+3(modlll

NS A
(q”;qg) -

Sar=2n-t

:2+ZB5,4 (n)q" +ZBS_5 (n)g”
n=1

n=1
s the number of partitions of n into parts not

e form

Let k=5,a=4then As ,(n) denote
1otes the number of partitions of nof'th

congruent to 0, + 4(mod 11) and Bj 4(n) der
>7 and 1 appears as a summand atmost 3

n:b1+b2+....+bt where bimeabl‘bm—
times .. As 4 (n)=Bs 4 (n) YneN Againlet k=3.a7% 3 then.

As 5(n) denotes the number of partitions of n into parts not congruent to 0,+ 5(mod

n) denotes the number of partitions of n of the form n=b, +b, +..+b; where

11)Bs 5(
bi->-bi+1>bi’bi+4 >72 and | appears as a summa

A5,5(n)=B5,5(n) ¥neN

Interpretation of the identity
The analytical identity is

nd atmost 4 times.

(equation 3.3 (modulus 17)

91~ _ .

.
Lo L A 3o+
2.~ 2 2 4 4

‘"’T'_'BL 1L 3 3 1 3
(q’q)w =0 n=0 (qZ ;qZ j (q2 ;qz qu ;q) (q'l ;q->
r r 20421
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-1
=[T (")
nz#0,+ 8 (mod 17)
We use Basil Gordon’s theorem. Let k=8=a then Bg g (n) = the number of partitions of n

of the form n=b,+b,+..+b,, where b;2b;,;,b;—b,,7>2 and 1 appears as a sum-
mand atmost 7 times.

Also Ag_g (n)= the number of partitions of n into parts not congruent to 0, + 8(mod 17)

Then Agg(n)=Bgg(n) vpeN

and we have for | q | <1,

1+ZA8,8(n)qn
n=} )

=T1 (1—q“)_1

n#0,+8(mod17)

= ﬂ ol L T T
q-:q- = % (Q'ZC{“ q -
E s s 3n+2
RCET 22 I (2 2.2
AR S q-j (Q“;QJ (qﬂq")
B /r\ n r 2n+2r
=1+Z Bgg(n)g”
n=l

Interpretation of the identity (equation 4.2) (modulus 19)
The analytical identity is

R = 2 2
3 3 + 4 20 3nr+207-3n-3¢
q°:q- o o q-:q- q -
" .

\_ZZ 1L 3 3 1 3 3
(9), = nzo(qz;qz)(qz;qz)(qz;qj (qz;qz)
r n T 2n+2r
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A -1
=1 (1-q")

nz0,+9(mod 19)

We use Basil Gordon’s theorem. Let k =9 = a then Bg o(n)= the number of

partitions of n of the form n=b;+b, +..+b,, where b;2b, . b, ~b; =2
appears as a summand atmost § times.

and 1
AlSOAgQg (n) = the number of partitions of n into parts not congruent to 0,+ 9

(mod 19) Then A9’9 (n) = B919 (n) \7'r1€N
and we have for |q|<l]

1+Z A9,9(n)qn

n=1
-1
T1 -0
n=0,+9 (mod 19)

3 1 1 Sn:
(q ;qz) o @ (qz;qz) q
3n+2r

3 +3nr+2r:—3 n—-3r
(a:9),, %%(q;.q;) [q%.q%j ( 1 )( 3, j
2 5 q Tq q Tq
r n r 2n+2r

=1+Z B9,9(n)qn

n=|

(X)W

]
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