International Journal of Mathematical Sciences, ISSN: 2051-5995, Vol.33, Issue.2 1179

Direct Sum of E- Injective N-Groups

Navalakhi Hazarika Helen K Saikia
Department of Mathematics, Royal School of Department of Mathematics, Gauhati
Engineering and Technology, Guwahati-781035 University, Guwahati- 781014
Email: navalakhmi@gmail.com Email: hsaikia@yahoo.com

ABSTRACT

Extending the notion of relative injectivity of modules to near-ring groups, we define E-injective near-ring groups and
characterize such near-ring groups. The nature of E-injective N-groups under direct sum is studied in this paper. The notion
of dominance of an element of an N-group by another N-group plays an important role in establishing the fact that the direct
sum of a family of E-injective N-groups is also E-injective. If near-ring group E satisfies chain conditions on its
substructures, then inheritance of E-injective character of direct sum of E-injective N-groups is also established.

1. INTRODUCTION

Several researchers like Faith and Utumi [7], Page and Yousif [16], Boyle [3], Goodearl [10], Armendariz [2], Hirano [11],
Fuller [9], Fuller and Anderson [1], Thoang [20] and many others have investigated different properties and relations of
quasi- injective modules, relative injective modules satisfying chain conditions. Injective modules and near-ring groups have
been studied by Mason et al [13], Faith et al [8], Seth and Tiwari [19], Meldrum [14], Oswald [15]. Of these Oswald and
Mason have studied injective and projective near-ring modules. Mason [12] studied injective near-ring modules and defined
the concepts like n-injective, loosely injective and almost injective near-ring modules. De et al [6] have shown how the n-
injectivity and weakly n-injectivity character together with Beidleman’s condition exhibit some interesting phenomena in
case of m-simple near-ring groups. Saikia and Misra [18] have studied p-injective near-rings and weakly quasi injective near-
ring groups. In this paper we attempt to extend some characteristics of quasi- injectivity, relative injectivity in near-rings. The
study of quasi injective modules and their endomorphism rings motivates us to extend these concepts to near-ring groups.
The objective of this generalization is to investigate whether analogous results can be obtained in near-ring groups.

2. PRELIMINARIES

Throughout the paper we consider all N-groups as unitary N-groups unless otherwise specified. All basic concepts used in
this paper are available in Pilz [8]. By a dgnr we mean a distributively generated near-ring. This section deals with some
basic definitions and results which are used in the later sections.

2.1 Definition

Let E and W be N-groups. W is called E- injective or W is injective relative to E if for each N-monomorphism f: K —» E ,
every N —homomorphism from K into W can be extended to an N- homomorphism from E into W. i.e. The diagram

K f E

w

commutes which means g = hf.

2.2 Definition

An N-group A is injective if it is E-injective for every N-group E of N. So if an N-group A is injective it is E-injective for
any N-group E.

2.3 Definition
If N-group W is E-injective then E is said to be a WI-N-group. If a commutative N-group W is E-injective then E is called a
WcI-N-group.
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2.4 Proposition

If Nisadgnrand {Ne}..eis an independent family of normal N-subgroups of N-group E then E is a homomorphic image
of @ ..gNe.

Proof: Let f.: Ne — E be defined by f.(ne) = ne. Then f, is an N-homomaorphism.

If we define f=Z e ot @ ece Ne = E DY (T ece fo) (T ece NE) = (Zece fo(N€)) , n € N, it is an N-homomorphism. Obviously it
is an N-monomorphism. Again for any e, € E we get e, € Nex € @ g Ne. So fis onto. Hence E is a homomorphic image
of @ ..gNe.

2.5 Proposition

Let N be a dgnr, E be an N-group and F be a commutative N-group. Then the set Homy (E, F) = {f/ f: E—> F is an N-
homomorphism} is an abelian group where addition is defined as: (f + g) (e) = f(e) + g(e), for all f, g € Homy(E, F).

2.6 Proposition
Let B, M be two N-groups and C an ideal of B. For N-homomorphism

f:B — M 3 aunique homomorphism f: g —> M such that f (E) = f(b), Vv C < Kerf.

If f is an epimorphism, then f defined as above is also an epimorphism.

2.7 Definition

For an N-group A an element xeA is said to be dominated by N-group E if Anny(X) o Anny(e) for somee € E.
Let {A,}qcs be a family of N-groups. Let x be the element of I1,.; A, whose a- component is X,,.

We define Iy,={n e N|nX € @,; A,}.

Then x € I, A, is called a special element if I,x, = 0 for almost all a. In other words there exists a finite subset F of J
such thatnx ,=0foralln e I,and forall o € F.

2.8 Proposition

Let U be a commutative N-group and f: L — M be an N-homomorphism. We can define a mapping
f = Homy( f, U) : Homy(M, U) — Homy(L, U) by Homy(f, U) iy — yf i.e. fy = yf

then Homy( f, U) is an N-homomorphism.

2.9 Proposition

If U is a commutative N-group, then for every exact sequence

f E
0>oK—=E—L-—>O0

the sequence 0 — Homy (L, U) i Homy(E, U) —F; Homy(K, U) is exact.

2.10 Proposition

A commutative N-group U is E-injective if and only if Homy( -, U) is exact.

3. E-INJECTIVE N-GROUPS

In this section we discuss some properties of E-injective N-groups needed in the sequel.
3.1 Proposition

N-subgroups of a WI N-group are again WI N-groups.

Proof: Let E be a WI N-group. Thus W is E-injective.
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And let E’ be any N-subgroup of E.
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Let h: E' — E be an N-monomorphism and K’ be an N-subgroup of E’ and f : K'—> E’ be any N-monomorphism. Then hf is

also an N-monomorphism, hf: K'— E.

K’FE’

hf h

Now W is E-injective, so for any N-subgroup K of E, the N-monomorphism i: K — E and any N-homomorphism
k: K— W, 3an N- homomorphismy : E — W such that k = vi.
Since W is E-injective, so for N- monomorphism hf : K' — E and p : K’ — W we get

y:E— Wsuchthat y(hf) =p. Thatis the following diagram commutes.
K/ E
\ /
w

Now f : K’ — E’ is an N-monomorphism and for any N- homomorphism p : K’ — W,

we get vh: E' - W such that the diagram commutes.

That is p = (yh) f. Therefore W is E'- injective.

3.2 Proposition

If W is E- injective then W is Ne —injective for all e € E.

Proof: Since Ne is an N-subgroup of E. As W is E- injective, proposition 2.3 implies W is Ne-injective.

3.3 Proposition

Homomorphic images of a W¢l N-groups are again W¢l N-groups.
h k
Proof: Given 0 » E' — E — E"— 0 is exact and commutative N-group W is E-injective.

We show W is E”-injective. Let E/ < K < E and that E” = E/E. Now we consider the canonical diagram

0

?

0— E—E —E/E— 0
Lt
0— E—K—KE— 0

tot 4
o 0 0
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Now applying Homy( -, W) we get the diagram
0 0 0

0 — Homy(E/E', W) — Homy(E, W) — Homy(E/, W) — 0

0— HomN(&/E’, W) — Homy(K; W) — Homy(E/, &/) -0

!

0

9
Since Homy(E/E', W) —= Homy(K/E', W) is epic, for all y € Homy(K/E', W) 3 o € Homy(E/E', W) such that ¢(o) = y

= af =y, where f : K/E' - E/E’ is an N-monomorphism and ¢ = Homy( f, W ). Thus W is E/E"-injective = E” is W,I N-
group of E.

4, DIRECT SUM OF N-GROUPS WITH INJECTIVITY AND E-INJECTIVITY

4.1 Proposition

Let N be a dgnr. If E, isa WI N-group for all aeA, then E = @, E, is a WI N-group, where E is commutative.
Proof: LetE=®,.aE,and E, is WI N-group

= W is E,-injective for all aeA.

We consider an N-subgroup K of E and the N-homomorphism h: K - W.

Let Q={f;L—>W/K<L<Eand (f|K)=h}.

LetgA>W, h:Bo>WeQ.g<hifAcBCE.

Then Q is ordered set by set inclusion. Q is clearly inductive.

Let h: M — W be a maximal element in Q.

To get the proof it is sufficient to show that each E, is contained in M.

Let K, =E, n M. Then (E ! K. ) : Ky = W, so since K, < E, and W is E,- injective, there is an N-homomorphism h_m =
> Wwith (h, | K,) =(h | K,).

Ife, € E,and m e M such thate,+ m =0, thene, = —m e K, and h,, (e,) + h (m)

=h(m)y+h@m)=o.

Thus f: e, + m — h, (e,) + h (m) is a well defined N-homomorphism f: E, + M — W.

But (f| M) =h,so by maximality of h, E,c M.

4.2 Proposition

Let N be a dgnr. If W is a commutative N-group and {Ne} .. is an independent family of normal N-subgroups of N-group E,
W is Ne —injective for all e € E , then W is E- injective

Proof: W is Ne—injective for all ecE. So by proposition 3.2, W is @ ..g Ne —injective.
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Since E is a homomorphic image of & .. Ne, by proposition 2.4 and since homomorphic image of a W¢l N-group is Wcl N-
group by proposition 3.3. So W is E-injective.

4.3 Proposition
If a finite direct sum of injective normal N-subgroups (ideals) Q, of E is injective, then each Q. is injective.
Proof: Let Q = ® Q,be injective N- group and consider the N-monomorphism
f, : M — Q,, where M is some N- subgroup of E.
Since, Q is direct sum of Q,’s, forany o =1, 2,3, ... ... ..., n, s0 there is the inclusion map i, : Q, — Q and the projection
map I1,: Q - Q,such that IT, i, = 1@.: .
Consider a diagram
0 »

M
2 l
Qu

Since Q is injective there exists an N- homomorphism h, : N’ = Q, such that h, @ = i,f;,.

D

with top row exact.

Now we define ¥ : N — Q. by ¥, =1I1,h, SinceIl, i, = 1% it follows that ¥ @ = IT,h,® = I1, i, f,= f,. So, the
following diagram is commutative.

®
0 > M > N
fa ¥, h,
o
Q YO,
< H(l

Thus, each Q,, is injective.

4.4 Proposition

Let N be a dgnr. A finite direct sum of injective normal N-subgroups (ideals) Q. of E is injective if each Q. is injective.
Proof: Let Q = ® Q, with each Q, is an injective N- group.

Now consider a diagram

0 > M @ > N

f
Q,
where M, N’ are N- subgroups of E with the top row exact.
Foranya=1,2,3,........,n, there is the canonical inclusion i, : Q, — Qand the projection
IT,: Q — Q, so there are N-homomorphisms T1,f: M — Q.
Since Q. is injective, there exists an N-homomophism h, : N — Q. such that h,® =11, f.

Now we define a map h: N’ — Q by the formula h(x) = (hy(x) + ... ... ... +hy (X)) ¥xeN.
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Then h is an N-homomophism as N is a dgnr.

We shall show the diagram commutes. i.e. f = ho.

¢ /
0 M N

» a
»

I,
Since Q is a direct sum, for any x € N/,
ho(x) = (hid(X) + had(x) + ... ... ... +hy (X)) = (TLF (X)+ TLE(x) + ... ... ... + I,f (X)) = f(x)
So, h ¢ =f. Thus Q is injective.
4.5 Corollary

Let N be a dgnr. A finite direct sum of injective normal N-subgroups (ideals) Q,, of E is injective if and only if each Q,, is
injective.

4.6 Theorem
A finite direct sum of injective N-groups Q,, is injective if and only if each Q,, is injective.

Proof: Proof is same as theorem 4.3., except in this case we defineamap h: N' = Q by h(x) = (hi(x) , ... , ha(X)) ¥ x e N

4.7 Theorem

Let N be a near-ring and {Q;};c a family of E-injective N-groups. Then the product Q = IT;.,Q; is E- injective.
Proof: Let A < E be an N-subgroup of E and f: A —Q an N-homomorphism.

It is enough to show that f can be extended to E.

For iel we denote m;: Q — Q; the projection map. Since Q; is E-injective for any iel, so the N-homomorphism r;.f: A —»Q;
can be extended to f: E — Q.

Then we have f: E —Q by f'(e) = (f/(€)) ic: .

Ifa e A, then f (a) = f(a), so f is an extension of f. Thus Q is E-injective.

4.8 Theorem

If ®,.5 A, is E -injective then each A, is E —injective and every element of I1,,.; A, dominated by E is special.

Proof: Let A=®,.; A, be E injective. Let N’ be an N-group. Consider the N-homomorphism f,; N'— A, . Since A is direct
sum of N-groups A, a.€l, so for any a € J, there is the inclusion map i, : A, — Aand the projection w,: A — A, such that
Tl io.: 1"!!"':. .

Consider a diagram, with top row exact.

mono 9

o} > N E
fal
ia
A, > A

Since A is E - injective, 3 a homomorphism h,: E — A such that h,® =i, f,,
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Now define W ,: E — A, by ¥, = nth,,
Since myi, = 1;,_1, it follows that ¥,® = n,h,® = n i, f, =T,
So the diagram O

> >
N ¥, E
f o
A, i VA is commutative.
Thus A, is E -injective. I1,

Let x e IT,A, be dominated by E . This implies that there is an e € E such that Anny(x) > Anny(e).
Then it gives an N-homomorphism f: Ne — T1A, defined by Ae — Ax (A € N).

Let (A€), (A2e) € Neand f (A€) = f (h8) = (MX) = (AoX) = (M1 — X)X =0

= (M —Ap) & Anny(X)

= (M — X)) Anny(e) [since Anny(X) o Anny(e)] = (A—Az)e =0 = (A €) = (A €).
Therefore, the mapping is well defined .

f(hie + o) =F((Ai+ R2)e) = (Mt R2)X = (AaX + AX) =Tf(As€) + f(A2€)

Next forn e N, f(n(r.e)) = f((nAy)e) = (NA1)X = n(A1X) = n f(A.€)

Thus f is an N- homomorphism.

The image of the N-subgroup e by fis clearly I,x (c @ A, ).

Thus the restriction of f to Ie is regarded as an N-homomorphism l,e - @ A,

Since @A, is E-injective and so Ne-injective by proposition 3.2. So, we get N-homomorphism Ne — @ A, which means that
there exists a u € @ A, such that Ax = Au (for all A < I,).

It follows that I,x,= lu, forall o € J.
But since u,= 0 for almost all a, it follows that 1,x,= 0 for almost all o too = X is special.
4.9 Theorem

Let N be a dgnr. If {Ne}..e is an independent family of normal N-subgroups of E, ®,.; A, is a commutative N-group, then
each A, is E —injective. Moreover, every element of I1,.; A, dominated by E is special implies ®,.; A, is E -injective.

Proof: Let each A, is E -injective and every element of I, .; A, dominated by E is special.

Let e E and consider the N- subgroup Ne of E. Let J be an N-subgroup of N. Then Je is an N-subgroup of Ne. Let there be
given an N- homomorphism h: Je — @ A,. Then since ®A, c T1A, and TTA, is E-injective (as each A, is E-injective, by
theorem 4.7) whence Ne- injective (by proposition 3.2), h can be extended to an N-homomorphism Ne — TIA,,.

Let x e TIA, and we define the N-homomorphism as Ae — Ax (A € N)
Therefore it follows that Jx = h (Je) « @ A,, whence J c I,.

On the otherhand since clearly Anny (e) = Anny(x), x is dominated by E and thus x is special by assumption = I,x, =0
whence Jx,, =0 for almost all ..

Let u be the element of ® A,,, whose a-component is X, or 0 according as Jx,, = 0 or Jx,=0.
Then it is clear that Au = Ax forall A € J.

Further, it is also clear that Anny (€) < Anny (x) < J and therefore the mapping gives an N-homomorphism f: Ne —» & A,
which is an extension of h, because f (Ae) = Au = Ax for all Ae J.
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This implies that ® A, is Ne-injective and so E—injective by proposition 3.1.
4.10 Corollary

Let N be a dgnr. If {Ne}..e is an independent family of normal N-subgroups of N-group E, ®,.; A, is commutative N-group
then ®,.; A, is E -injective if and only if each A, is E-injective and every element of I1,.; A, dominated by E is special
implies ®,; A, is E-injective

4.11 Theorem

Suppose { A }qes is a family of E-injective N-groups such that for every countable subset K of J, ®,.kA,, is E - injective.
Then &, ;A is itself E - injective.

Proof: Assume that ®,.;A, is not E - injective.

Then by theorem 4.8, there exists an x e I1,.;A, which is dominated by E but is not special = 1,x, # 0 for infinitely many
oel.

Let k be an infinite countable subset of the infinite set {a. € J| l4X, # 0}.
Let y be element of I1,.x A, Whose o- component y , isequal to x, for all a € K.
Then clearly 1, 1y, so that it follows that y is dominated by E and l,y,= I,x, = 0 for all o € K.

This implies again by theorem 4.8, that ®, kA, is not E -injective (because each A, is E - injective by our assumption). This
is a contradiction and so the proof is complete.

4.12 Theorem

Let N be dgnr. If {Ne} ..e is an independent family of normal N-subgroups of N-group E, ®,.; A,, is commutative N-group
then direct sum of any family { A,} of E-injective N- groups is E - injective if E is Noetherian.

Proof: Let { A,} be a family of E-injective N- group. Let x be an element of T1A,, dominated by e. Then there isane € E
such that Anny (e) = Anny (X). Consider I e .

Since clearly Anny(X) < I, whence Anny (e) c Iy, it follows that I,/ Anny (e) = Ie

On the other hand I,e is a N-subgroup of Ne so N-subgroup of Noetherian N-group E.

Hence, I,/ Anny (e) is finitely generated —> there exists a finite number of elements A, A5, ... ... ... , Ay Of Iy such that I, =
NA+ N A+ ... + NA, + Anny (e)
It follows therefore 1,x,= NA; X+ N Ao X +... ... ... + NA, X, for all components X,,.

Since however for each i, A; X, =0, for almost all o, it follows that I,x,= 0 for almost all oo = X is special. Thus ® A, is E-
injective by theorem 4.9.
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