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Abstract

Extending the notion of super honesty in modules to near-ring groups, super-
honest N-subgroups are defined. Various characteristics of these N-subgroups
are investigated. The necessary and sufficient conditions for super honest N-
subgroups are also established. The torsion and closure of a quasi injective N-
group E with respect to a class of essential N-subgroups exhibit the super
honesty character of certain N-subgroups of E.
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Introduction
The theory of honest subgroups was developed by Abian and Rinehart in [1]. The
concepts of isolated submodules, honest submodules are studied by Fay and Joebert,
Jara in [ 3, 7]. For a skew field, the notions of isolated submodules and honest
submodules coincide. The honest submodules lead to a new characterization of ore
domain. Moreover following the theory developed by Fay and Joebert, Jara obatained
the characterizations of rings of quotients in terms of honest operator. The concept of
super honest submodules was introduced by Joubert and Schoeman [8]. Super honest
submodules of quasi injective modules are studied by Cheng [ 2 |.

In this paper we attempt to extend the notion of super-honesty in modules to near-
ring groups. We define super-honest N-subgroups and investigate various
characteristics of these N- subgroups. Necessary and sufficient conditions for these N-
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subgroups are established. The torsion and closure of a quasi injective N-group E with
respect to a class of essential N-subgroups lead to the super honesty character of
certain N-subgroups.

Definitions and Notations

All basic concepts used in this paper are available in Pilz [8]. Throughout the paper N
will mean a zero symmetric right near-ring with unity 1 and E a left N- group. Also if
A is a subnear-ring of N and A is distributively generated then we assume for
a(x1+x2)=2%‘=1 s;(x11+x2) =Z%‘=1(six1+sixz), where a =)=, S{€A, s;i’s are distributive
and x;,x,€ E.

If Hy, H; are two N-subgroups (ideals) of E such that H; < H, then H; is essential
in H, when any non-zero N-subgroup (ideal) C of E contained in H, has a nonzero
intersection with H;. In such cases H, is an essential extension of H; If H; is essential
in E (when H, = E) then we say that H; is an essential N-subgroup (ideal) of E.

If Hy, Hy are two N-subgroups of E such that H; < H; then H; is weakly essential
in H, when any non-zero ideal C of E contained in H, has a nonzero intersection with
Hj.

It is easy to note that if A, B, C are three N-subgroups (ideals) of E such that A <
B < C then A is essential (weakly essential)in C if and only if A is essential (weakly
essential) in B and B is essential (weakly essential) in C.

An N-subgroup (ideal) I of E is said to be a essentially closed N-subgroup (ideal)
of E if I has no proper essential extension in E. Similarly we can define weakly
essentially closed N-subgroup(ideal) of E.

An N-subgroup M of E is a complement of some N-subgroup C of E if M is
maximal among the set of all N-subgroups D of E such that DNC=0. For every N-
subgroup M of E there exists a complement of M and we denote it by M®

Let y be a non empty set of N-subgroups of N. Let K S E be an N-subgroup of E.
We say K is y -closed N- subgroup or K is y-closed in E, if for any I € y and any x €
E, if IX€ K, then x € K.

Let y be a non empty set of N-subgroups of N such that 02 y. Let K be an N-
subgroup of E. We say K is y-honest N-subgroup or K is 3 -honest in E, if for any I
€ y and any x € E, if

Ix(= 0) = K, then x K.

So if K is y-closed in E, then K is y-honest in E.

We define the y -torsion of E as the subset

T ,(E)={x€E | there is I € ¥, such that Ix = 0}

IfT ,(E)=0,Eis y -torsion free and E is y -torsion if T , (E) =E.

Let M C E be an N-subgroup of E, we define the j -closure of M in E as
ClE(M)={x € E: Ix M, for some I € y }.



Super—honest N-subgroups 33

We have T |, (E) = CI%(0).

If B is any non empty subset of E (or N), we define the set (B:a)={ neN | naeB} .
If B is an (left) N-subgroup of E(or N) then (B:a) is a left N-subgroup of N.

yis left closed if for anyn € & and any I £ y, there is JE y such that J ne 1

This means for any element nEN and any N-subgroup I € y we have (I: n) € » .

If every proper essential N-subgroup of N is distributively generated and then as
in [10], €1.(M) is an N- subgroup of E. If CI.(M) = M then M is called a closed N-

subgroup of E.

We define the set of torsion elements of E as Tn(E)={¢ € E: ne = 0, for some n(#
0) eN}

It is clear that for each N-group E T,(E) < Tn(E) It is seen that T,(E) is an

invariant subset of E.

An N-group E is called a quasi-injective N-group if every N-homomorphism of
any N-subgroup A of E into E can be extended to an N- homomorphism of E into E.

An N-subgroup (ideal) M is super-honest in E means xZ E % M for nEN, nxEM
implies n = 0. If B is a left N-subgroup (ideal) of N then B is called a super-honest N-
subgroup (ideal) of N if B is super-honest N-subgroup (ideal) of N considered N as
left N-group nN.

It is clear that N-group E is a super-honest N-subgroup of E itself. Again every
super-honest N-subgroup contains Tn(E). If E is a torsion N-group, then E is the only
super-honest N-subgroup of E. N-group E is called strictly uniform if intersection of
two non-zero N-subgroups of E is non-zero.

If A and B are N-subgroups of E then we say ABB if and only if A N B is
essential in A and A M B is essential in B. This is equivalent to A 1 X =0 if and only

if B n X =0, for any N-subgroup X of E.
Throughout the remaining section we assume that every proper essential N-
subgroup of N is distributively generated.

Preliminaries
Here we prove some preliminary results needed for the sequel

Lemma 2.1: Let M be an N-subgroup of E. If M is a complement N-subgroup of
some N-subgroup of E, then M is an essentially closed N-subgroup of E.

Proof: Let M be a complement N-subgroup of an N-subgroup C of E. If there exists
an N-subgroup D of E such that M — D and M is an essential N-subgroup of D, then
D m C is a non zero N- subgroup of D. But (DNC) "M < C "M = 0, contrary to the
fact that M is an essential N-subgroup of D. So M is an essentially closed N-subgroup
of E.

Lemma 2.2: If M is a weakly essentially closed N-subgroup of E then M is a
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complement N-subgroup of N-subgroup M° of E.

Proof: Let there exist an N-subgroup D of E such that D > M and DNM°®=0.By given
condition M is not weakly essential N-subgroup of D. So there exists a non zero ideal
D’ of D such that D’AM = 0.Then DN(M‘+D’) = D'+(M°"D) = D’. Now MND' =
Mn DN(M*+D")=0= MN(M*+D’). So, MN(M*+D")=0,which contradicts to the fact
that M®is a complement N-subgroup of M in E. So M is a complement N-subgroup of
M¢in E.

If every weakly essential N-subgroup is essential then from lemma 2.1 and lemma
2.2 we get the following:

Lemma 2.3: If M is an N-subgroup of E and M® is a complement N-subgroup of B in
E, then the following statements are equivalent.

1. M is essentially closed N-subgroup of E.
ii. M is a complement N- subgroup of M® in E
1il. M is a complement N- subgroup of some N-subgroup of E.

Lemma 2.4: If M is an N-subgroup of E such that T.(E) € M, then M is an essential
N-subgroup of Cl, (M).

Proof: Let A be N-subgroup of Cl,(M).We assume A "M = 0. Let xeA, then xe(Cl,

(M) implies Ix =M, for some I of % . Also Ix cA implies Ix cMNA =0. This gives Ix
= 0. Thus xeT,(E) € M. So, xe AnM. implies x = 0.This gives A = 0.Thus M is an

essential N-subgroup of €L, (M).

If M is an essentially closed N-subgroup of E such that T,(E) < M, then by lemma
2.4, we get M = €L, (M). On the other hand if M is an -closed N-subgroup of E then
M is essentially closed N-subgroup of E and T,(E) < M. If M is an essential N-

subgroup of C where C is N-subgroup of E then for each x € C, (M: x) is an essential
left N-subgroup of N. So x € €l,(M) =M. Hence C = M. Again T,(E) = Cl, (¥) cCl,
(M) =M Hence we get the following lemma:

Lemma 2.5 : Let M be an N-subgroup of E. Then M is essentially closed N-subgroup
of E satisfying T,(E) € M if and only if €L(M) =M.

Note: If every weakly essential N-subgroup is essential in E, then the following are
equivalent
1. Mis essentially closed and T,(E) = M,

2. M is a complement N-subgroup of some ideal M*and T.(E) ¢ M,
3. Mis a complement N-subgroup of some ideal of E and T,(E) c M,
4. Mis y-closed.
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Using the equivalent conditions of the above note and following similar method as
in [4 ] we get the following

Lemma 2.6: If E is a quasi-injective N-group and every weakly essential N-subgroup
is essential in E then every - closed N-subgroup ( ideal ) M is a semi-direct (direct)

summand of E.

Lemma 2.7: If M and P are N-subgroups of E then €L (M)B(M + CL (0)) and if P/
M then P = €I, (M)

Using the above lemma in a similar way as in [5 ] we get

Lemma 2.8: If every proper essential left N-subgroups are distributively generated
and 7 is left closed, then €L, T',(E) is 7 —closed N-subgroup of E.

Super honest N-subgroups

In this section we investigate various characteristics of super honest N-subgroups.

Lemma 3.1: Let M be an N-subgroup (ideal) of E. Then M is a super-honest N-
subgroup (ideal) of E if and only if for each acE, (M: a) is a super-honest left N-
subgroup (ideal) of N.

Proof: Let M be a super-honest N-subgroup of E. If n € N is such that n ¢( M: a)
with n' n e (M:a) for some n € Nthenn' na e M. Since M is a super-honest N-
subgroup of E, we have n’ = 0. Hence (M:a) is a super-honest N-subgroup of N.

Let (M: a) be a super-honest left N-subgroup of N. If a € E is such that a ¢ M
with na € M for some n € N then 1 ¢ (M : a). This implies n.1 =n € (M : a). Since
(M:a) is a super-honest left N-subgroup of N, so n= 0. Hence M is a super-honest N-
subgroup of E.

Lemma 3.2: Let M be an N-subgroup (ideal) of E. Then M is a super-honest N-
subgroup (ideal) of E if and only if (M: a) = 0 for each acE— M.

Proof: Let M be a super-honest N-subgroup (ideal) in E. Then for each xeE— M,
neN, nxe M implies n=0.this gives (M: x) =0, for each xe E- M.

On the other hand, let (M: x) = 0 for each xe E— M. If for some neN, nxe M then
ne( M: x). This implies n = 0. Thus M is super-honest in E.

Lemma 3.3: {0} is a super-honest left N-subgroup of N if and only if N has no left
zero divisors.

Proof: If N has no left zero divisors then it is obvious that {0} is a super-honest left
N-subgroup (ideal) Of N.
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Let {0} be a super-honest left N-subgroup of N. If n( # 0)eN satisfying n'n = 0 for
some n’ N then n’ = 0. Thus N has no left zero divisors.

Lemma 3.4: If E has a proper super-honest N-subgroup (ideal) M, then N has no left
zero divisors.

Proof: M is super-honest N-subgroup (ideal) in E
= (M:a) =0 for acE— M, by lemma 3.2
= 0 = ( M:a) is super-honest N-subgroup (ideal) of N for acE— M ,by lemma 3.1
= N has no left zero divisors.

Theorem 3.1: If M is an ideal of E then M is a super-honest in E if and only if M is
essentially closed in E,, T,(E) c M and T(E/M) 2 Ty(E/M).

Proof: Let C be an N-subgroup of E such that M is an essential N-subgroup of C.
Then there exists acC—M such that Na is a non zero N-subgroup of C. Since
NanM=0, so (M:a) #0, this contradicts that M is a super-honest N-subgroup of E.
Thus M = C. This implies M is essentially closed.

Againa € Ty(E) = (0:a)=0= x(=0) £(0:a ) so xa=0.

If aEM then it is done. If agM then. a € E\M. This gives x = 0, as M is super-

honest in E.
Hence it contradicts the fact that x =0. So aeM .Thus Ty(E) € M. And so T,(E)

< M, because T,(E) < Ty(E).

Let3€ Ty (E/M), aEM=(]: 3) 0= 3x(=0) such that x£(0:3) = xa=0 =
xa=M where agM = x=0, as M is super-honest in E. Therefore ¥ a £ E\M, (3: a) =
0 and so T,(E/M) = & =M.

T(E/M) = Tyx(E/M) holds trivially.

Conversely let a € E % M with na € M for some ne N. If n = 0, then 2 = atM &
Ty (E/M). as na = natM eEM=0 = ng(d: 3) = 3 € T(E/M). Soa € T(E/M) .
Thus (3: &) = ( M:a ) belongs to .

Soac ElH (M). By lemma 2.5, Cl:{(M) = M, a contradiction. Thus n = o, giving
thereby the super honesty character of M.

Using lemma 2.5, we get the following:
Corollary 3.1: If M is an ideal of E such that M is super-honest in E then M is y-
honest.

Theorem 3.2: Let M be an ideal of E. If M is y-closed in E and T(E/M) = Ty(E/M),
then
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M is a complement N-subgroup of some torsion-free N-subgroup of E.

Proof: M is y-closed N-subgroup of E = M essentially closed N-subgroup of E. So

by Lemma 2.2, M is complement of some ideal M® in E. It remains to show M® is a
torsion-free N-subgroup of E. Suppose there exists 0= a= M such that na=0 for some

0=n&N. Then a=atM € Ty (E/M) and so @ € T,(E/M), which implies that (&: )
= ( M:a) belongs to y.

Thus a € CL, (M) = M. But then a € MNM® = 0, contradiction to 0 # a. therefore
M is torsion-free N-subgroup of E.

Corollary 3.2 : If M is an ideal of E and every weakly essential N-subgroup of E is
essential then the following statements are equivalent

1. M is super-honest in E

2. M is complement N-subgroup of some torsion-free N-subgroup of E and T,

(E)cMand T(E/M) = Tx(E/M)
Mz y — clesed and T,(E/M) = Tx(E/M)
4. Mis an essentially closed in E, T,(E) c M and T,(E/M) 2 Ty(E/M).

It is obvious that T.(E/M) Z Ty(E/M).

Thus T(E/M) = Ty(E/M) if and only if T,(E/M) = Ty(E/M).

Also T(E/M) = Ty(E/M) implies (M:a) is an essential N-subgroup of N if (M:a)
= 0 for some a € E. On the other hand, if (M:a) is an essential N-subgroup of N for
some a € E then T (E/M) & T(E/M) .

Hence we get

Corollary 3.3: If y\N is strictly uniform and if M is an ideal of E and every weakly
essential N-subgroup of E is essential then the following are equivalent.
1. M is super-honest in E
2. M is complement N-subgroup of some torsion-free N-subgroup of E and T,
(B)ycM
3. Mis ¥ — closed
4. Mis an essentially closed in E, T,(E) = M.

The following can be proved easily:

Theorem 3.3: The intersection of super-honest N-subgroups (ideals) of E is also
super-honest N-subgroup (ideal) of E.

From above result we see the existence of smallest super-honest N-subgroup
(ideal) of E
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The intersection of all super-honest N-subgroups (ideals) of E is the smallest
super-honest N-subgroup (ideal) of E. We denote it by S. If S £ E, then E has proper

super-honest N-subgroups, otherwise E is the only super-honest N-subgroup of E
itself.

Theorem 3.4: If E and E’ are N groups, f is an N-homomorphism from E to E’, then
for each super-honest N-subgroup B’ of E', f /(B’) is a super-honest N-subgroup of E.

Theorem 3.5: If S is the smallest super-honest N-subgroup of an N-group E, then for
each N-endomorphism f of E, f'(S) = S= £(S)

Proof: Since f'(S) is a super-honest N-subgroup of E, f(S) = S. Hence S f(S).
As the smallest super-honest N-subgroup S of an N-group E, we know S = Cl,
(D), where D is the N-subgroup of E generated by Tn(E)

Theorem 3. 6: If yN is a strictly uniform N-group and M is an ideal of E and every
weakly essential N-subgroup of E is essential then every 7 -closed N-subgroup of E is

super-honest in E. In particular €l T,,(E) is a super-honest N-subgroup of E.

Proof: If x £ Ty(E) then (0 : x) = 0. Since, NN is uniform so this gives (0 : x) N A
= ¢, for every non-zero N-subgroup A of \N. This implies x € T,(E). Thus T,(E)
= Ty(E)

Then every y-closed N-subgroup of E is super-honest in E by corollary 3.3. In
particular €L, T.(E) is closed N-subgroup of E, hence super-honest in E.

Theorem 3.7: If E has no proper super-honest N-subgroup, S'is the smallest super-
honest N-subgroup of the N-group E’, then for each N-homomorphism f from E into
E,f(E)cS.

Proof: By theorem 3.4, f* I(S/ ) is a super-honest N-subgroup of E. But E has no proper
super-honest N-subgroup and so I(S/ )=E. Then f(E) = S

Corollary 3.4: If the N-group E has no proper super-honest N-subgroup, E is a
torsion free N-group then only N-homomorphism from E into E is the zero
homomorphism.

Proof: Since E is a torsion free, 0 is the smallest super-honest N-subgroup of E'.

Theorem 3.8: If M is a - closed ideal of an quasi-injective N-group E and T,(E)
M then M is super-honest ideal of E.
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Proof: Let ac E % M with na € M for some ne N. Since M is a ¥-closed ideal of E,
by lemma 2.6, E = M + M, where M® is a complement N-subgroup of M in E. Then a
= m+m’ for some meM and m'eM®. Now m'=-m +a implies n(- m + a) = n(-m+a) —
na+na=nme M N M =0But0=m, for otherwise a = me M and m’ & Tn(E).
Since M= Tn(E) and a € M, so n=0.Hence M is super-honest in E.

Theorem 3.9: If E is a quasi-injective N-group and Cl, T'(E) is a super-honest N-
subgroup in E then €L, T.(E) is the smallest super-honest N-subgroup of E.

Proof: Since S contains Tn(E), so it contains T.,(E). But S is closed N-subgroup of E,
therefore S = Cl, (S) = Cl, (T(E) ). Also Cl, T, (E) 28, since S is the smallest super-
honest N-subgroup of E. Hence €1, T;,(E) = S.

Theorem 3.10: If E is a quasi-injective N-group, Cl, T',(E) is an ideal of E containing
Ty(E) then €l, T(E) is super-honest in E .

Proof: Since €L, T'.(E) is a ¥-closed ideal of E and €L, T\ (E) = Tn(E) , €L, T(E) is

super-honest in E by theorem 3.9.

Theorem 3.11: Let E be a quasi-injective N-group. Then the smallest super-honest N-
subgroup S of E is the closure of the N-subgroup D generated by Tn(E).

Proof: Since every super-honest N-subgroup of E contains Tn(E) ( hence contains D)
and is a closed N-subgroup of E. We have P = Cl, (S) o Cl, (D).On the other hand

since T,(E) cTN\(E)eDcCl, (D). By lemma 2.4, Cl, (D) is an essential N-subgroup of
€l, Cl, (D) and D is an essential N-subgroup of Cl, (D). Therefore D is an essential
N-subgroup of €l, Cl, (D) .Then Cl, Cl, (D) cCl, (D)[Lemma3.8] and so Cl, Cl, (D)
= €l (D) is a j- closed N- subgroup of E. Since Cl, (D) 2Tn(E). By theorem 3.10, Cl,
(D) is super-honest in E. Hence, €l, (D) 2 S. This implies Cl, (D) =S.

Examples
In this section we consider some examples of the concepts defined in the previous
sections.

4.1 Example: Here N = {0, 1, 2, 3, 4, 5}, N, = {0, 1}, N3= {0,1,2} are near-rings
under the operation ‘+’ as addition module 6, modulo 2 , modulo 3 respectively and
the multiplication ‘*’ defined as
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*10]1]2[3[4]5
010[{0/0]0]0]O
1 {01 |T]1]1]1
21012(2]2(2]2
31013]3]3]3]3
410/4(4[4[|4|4
S10]5]5]5]5]5

Then N, @ N3 @ N is an N-group and N, @ Nj is a superhonest N-subgroup of N,
ON; &N

4.2 Example : If N = { 0,1,2,3,4,5}, then N is a near-ring under the operation ‘+’ as
addition module 6 and the multiplication ‘*’ defined as the following table:

N B WIN[—= O *
[ea) fen) fen) fen) Fen) Fan )l Fan)]
N|BR[WIN| =] —
N B WIN[—= DN
N BR|WIN[—=O|Ww
N h|W(IN = O~
N[ B|WN[— ||

Here {0} is a superhonest N-subgroup of \N which has no zero divisors.
The following example shows the existence of near-ring group in which every
weakly essential N-subgroup is essential.

4.3 Example: If N= {0,1,2,3,4,5,6,7} then it is a near-ring under addition modulo 8
and multiplication defined as follows:

*10]1]12]3[4|5|6|7
0/0/0]0]0]|0]0]0]O
110]1]2|3]4]5]6]7
210(2]4]16[0]2[4]6
3/013]6]1/4]7]2]5
410[4]/]0/4/]0]4]|0]4
5101512714 ]1]6]3
6/0]6[4]12|]0]6]4]|2
710171615143 ]2]1

Clearly, every weakly essential N-subgroup of N is essential.
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