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Section - A

Attempt all questions. (Maximum word limit 50) 2 x 8

a. LetT be a bounded linear operator on a normed space X.lf xn -+ x, show thatTxn -+ Tx-

b. Let X and Y be normed spaces and I": X -> Y a linear operator. If T is bounded and

dfuf $) q oo, show thatT is comPact

c. Expand (tx * y, x * tzl.
d. Show that T = ltl is normal but not a self-adjoint operator, where I is an identity operator.

e. Give an example of a partially ordered set.

f. Write the statement of Zorn's lemma.

g. Define point spectrum and resolvent set of an operator.

h. Define regular value of a bounded linear operator I.
Section * B

Attempt any two of the following: 6 x2

a. Show that in a finite dimensional normed space X,any subset M c X is closed and

bounded if and only if M is comPact.

b. Show that every finite dimensional subspace Y of a normed space X is complete.

c. i) Show that in a finite dimensional normed linear space X, every linear operator on X is

bounded.

ii) Show that identity operator is not compact.

1x2Attempt any two of the following:

a. i)The space lo (p + 2) is not an inner product space.

ii)if f is any bounded linear operator on a Hilbert space H, show that ?" can be uniquely

expressed in the form I = A * dB, where A and B are self-adjoint operators'

b. If I is any bounded linear operator on a Hilbert space H, show that the following are

equivalent. i)T.T = I ii) tTx,Tyl = {x,!l,Yx,y eH iii) llfxll = llxlh v x € H'

c. Let H be a Hilbert space and f :H -+ F be a bounded linear functional. Show that there

exists anuniquo z e H suchthat f tx) - (x,zl for a\l x e H,where z depends onf and

lllll - llzll.

7x2Attempt any two of the following:

a. i) Let X be anormed linear space. lf f (x) = 0 for all bounded linear functional f an X,

showthatx=0.

ii) Show that strong convergence implies weak convergence with same limit'
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b. State and prove Uniform Boundedness Theorem.

c. Prove that every bounded linear operator from a Banach space X onto a Banach space I
is an open mapping.

5. Attempt any two of the following: 7 x2

a. State and prove Banach fixed point theorem.
b. i) Show that resolvent operator is an analytic function at every point of the resolvent set

pg).
ii) Let X = CLa,bl with ll. ll- and f e X.Let A:X '> X be defined by (Ar)(t) -
f (t)x(t);for all t e la,D] and x e. X.If / is not a constant function, show that or(A) =
o.

c. i) For any bounded linear operator, show that or(T). c op(T-).
ii) Let ?n be a bounded linear operator on a Banach space X and llf ll < 1. Show that

(l - f) is invertible.
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