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Note: Attempt all questions as per instructions given.
The figures in the right-hand margin indicate marks.
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Section - A

Attempt all questions. (Maximum word limit 50) 2 x g

a- What do you mean by distance of a point from a set?
b. If ?' is a bounded linear operator on a norrned space x, show that ll?,ll - sup llrxil.

llxll=r
c. If I. is Hilbert adjoint of the operator L Show that (SI). = ?n*.S*

d. Write the statement of Cauchy-Schwarz inequality.

e. Define maximal and minimal element in a partially ordered set.

f. Write the statement of closed graph theorem.
g. Show that the right shift operator S defined by S(xs, xt, ...) = (0, xo,rr, ... ) is

bounded.

h. Define contraction of a mapping in a metric space.

Section - B

Attempt any two of the following: 6 x2

a. Show that the normed linear space c[0,1] - tf : [0,t] - R l/ls continuous] is not

complete.

b. Show that B(X,l/):set of all bounded linear operators from X to Y, is a normed linear

space with norm llf ll = 
,,sup 

ll?,xll.

c. Let X be a normed space and Y be a proper closed subspace of X. Show that for every
r € (0,1) there exists x, e X suchthat llxrll = L and r 1 d.(x,f) < 1.
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3. Attempt any fwo of the follow-ing: 7x?

a. i) The space Cla, bl is not an inner product space.

ii) Let X and I be inner product spaces andT: X --> Y a bounded linear operator. Show

thatT = O ifand only if (Tx,yl = 0 for all x eX and y e Y.

b. State and prove Bessel's Inequality in an inner product space.

c. i) If M and N are closed subspaces of a Hilbert space H such that M I N, show that

subspaceM+Nisclosed.
Li)lf M is a subset of a Hilbert space H, show that M n ML = {0}.

4 Attempt any two of the following: 7 x2

a. i) Let X be a normed linear space and xs e X, xs * 0. Show that there exists a

boundedlinearfunctional i onX suchthat iQ) = llxolland llill = t
ii) Using Uniform Boundedness Theorem, show that the normed space X of all

polynomials with norm defined by

llrll : mTxlq I (ao,dr, ...the coefficients of x ) is not complete.

b. i) Show that Uniform boundedness theorem does not hold in an incomplete norm

space.

ii) Show that weak convergence does not imply strong convergence in general.

c. i) Show that I is a closed linear transformation if and only if its graph 15 is a closed

subspace.

ii) State and prove normed space version of Hahn-Banach Theorem.

Attempt any fwo of the following: 7x2

a. Consider a metric space X : (X, d), where X + A.Suppose that X is complete and let

T: X -+ X be a contraction on X. Show that ?" has one fixed point.

b. i) Let X be a linear space and A: X + X be a linear operator. If Range(A) is finite

dimensional, show that or(A) is a finite set.

ii) Show that the spectrum o(I) of a bounded linear operator T: X -+ X on aBanach

space X lies in the disk l2l < llrll..
c. i) Prove that the right shift operator T:12 + 12 defined by T(xr,x2,...) =

(0,xpx2,...) has no eigenvalue

ii) Show that the spectrum o(?n) of a bounded linear operator is compact.
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