Chapter 6
Intuitionistic fuzzy aspects of
multiplication N-groups

This work has been published as “ Intuitionistic fuzzy aspects of multiplication N-
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Intuitionistic fuzzy aspects of

multiplication N-groups

6.1 Introduction

Lee, Park and Kim [87] researched and developed the notion of fuzzy multiplica-
tion rings. The notion of fuzzy multiplication modules was established by Lee and Park
[88]. They also investigated the product of fuzzy submodules and fuzzy prime submod-
ules. Sharma [89] also studied IF multiplication modules over a commutative ring with
non-zero identity and derived the relationship between the multiplication module and
the intuitionistic fuzzy multiplication module. This idea helps to carry out the work of

this chapter.
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Different aspects of multiplication N-groups are studied in Chapter 4. The rela-
tionships between DN-groups and multiplication N-groups are also established. In this
chapter, these concepts have been extended to intuitionistic fuzzy aspects.

The basic concepts discussed in this chapter are found in references [5, 7]. Initi-
ating fuzzy points, characteristic functions and multiplication N-groups of intuitionistic
fuzzy sets, their several findings were elaborated. This chapter also establishes an im-
portant relationship between intuitionistic fuzzy multiplication N-group and intuition-

istic fuzzy DN-group.

6.2 Prerequisite

Definition 6.2.1. An IF point d(, 3) of a nonempty set K, where d € K, is predicted as

{dia} =< Py 1)) V() > Where

(Pd(%,l) (h) = . and Wd(%l)(l’l) = ‘
0, otherwise 1, otherwise.

Note that if for any IF set A, {d(y2)} C A, then it is predicted as d(y ;) € A.

Definition 6.2.2. If Y C X (non empty), then the characteristic function of Y is an IF
set on X and defined by yY =< ¢y, W,y >, where

1, ifseY 0, ifseY
¢, (s) = and Y,y (s) =

0, otherwise 1, otherwise.

Definition 6.2.3. Let K,B,C be IF sets on E and C be a IF set on N. Then
(K:B)={D:DisIF setonN suchthat DB C K} i.e (K:B) =< §x.p), Yk:p) >, where
Ox-)(n) = {dp(n) : D is an IF set on N such that DB C K] and Y.\ (n) = {yp(n) : D
is an IF set on N such that DB C K}

(K:C)={F:FislFsetonE suchthat CF CK}i.e (K:C)=<@rx.c), Yk.c) > where
O(x:c)(n) = {@r(n) : F is an IF set on E such that CF C K} and yk.c)(n) = {yr(n) : F
is an IF set on E such that CF C K}.

IfK <irN E, then (K x E) = {D :D <irn N such thathE - K}
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Lemma 6.2.1. Let Z, K be IF sets on E and C be a IF set on N. Then
(i)(Z:K)K C Z.
(ii)C(Z:C) C Z

(i) CKCZ & CC(Z:K)=KC(Z:0).

Proof: (i) LetZ=< ¢z, vz >, K=< ¢k, yx >belFsetson E and C =< ¢c, Yc >
be IF set on N.
Then (Z: K)K =< ¢(z.x)k> ¥(z:x)k >, Where
Ozx)k (X) =V{9zx)(n) NPk (y) :x=ny,n €N,y € E} and W(z.5)k (x) = M Y(z.x)(n) V
vk(y) :x=ny,n €N,y € E}.
But ¢(z.)(n) = {¢p(n) : D is an IF set on N such that DK C Z}.
Therefore, ¢7.x)x (%)
= V{¢p(n) APk (y) : D is an IF set on N such that DK C Z,x =ny,n € N,y € E}
< V{opk(x): DisalF seton N such that DK C Z}
< ¢z(x),Vx € E.
Similarly, W(z.x)x(x) > Yz(x).
Thus, (Z: K)K C Z.
(ii) We have, C(Z : C) =< 9¢(z.c) Ve(z:c) >
where ¢c(z.c)(x) = V{0c(n) APz.c)(y) :x =ny,n € N.y € E} and yc(x) = N{ye(n) vV
Vizc)(y) :x=ny,n €N,y € E}.
But ¢7.c)(n) = {¢p(n) : D is an IF set on E such that CD C Z}.
Therefore, ¢c(z.c)(x)
=V{¢c(n) A ¢p(y) : DisanIF set on E such that CD CZ.x =ny,n € N,y € E}
< V{@cp(x): DisalF set on E such that CD C Z}
< 9z(x).
Similarly, ye(z.c)(x) = yz.
Thus, C(Z: C) C Z.

(iii) It is clear from the definition.
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6.3 Intuitionistic Fuzzy Multiplication N-groups

Definition 6.3.1. An N-group E is called an IF multiplication N-group if and only if

foreach A <jpn E, 3C <ypN such that A = C.yE. We denote it by A = CE.
Lemma 6.3.1. If Z =< 0z, w7z > <irn E, then (Z X E) <rrN.

Proof: LetZ =< ¢z, vz > <;ry E.
Then, for any u,h,n € N,
Oz.,e)(u—h) = {¢p(u—h) : D <jpy N such that DyE C Z} > {¢p(u) A ¢p(h) : D
<1rN N such that DyE C Z} = ¢z, ) (u) A 9z, ) (h).
Therefore, ¢z, 1) (u —h) = ¢z, &) (U) Nz, k) (h).
Similarly, (2., g)(u—h) < Wz, 5) (W) AWz, E) (h).
Now, ¢(z.,r)(nu) = {¢p(nu) : D <gpn N such that DyE C Z} > {¢p(u) : D <;pn N
such that DyE C Z} = ¢z i) ().
Therefore, ¢z, gy (nu) > ¢z, g)(u).
Similarly, (7. r)(nu) < Wz k) ().
Since N is commutative, h+u —h = u and s0 ¢z py(h+u—h) = ¢z g)(u) and
VizE)(h+u—h) =z g)(u).
Again, since N is commutative, n(u+h) —nu=nhand so ¢z g)(n(u+h)—nu=nh) >
Oz £)(nh) = 0z £ (h).
Similarly, Yz, g)(n(u+h) —nu = nh) < Yz g)(nh) < Yz g)(h).

Thus the result.

Theorem 6.3.1. E is an IF multiplication N-group if and only if for each u € E 3 an IF
ideal C of N such that {uy )} = CyE.

Proof : Let us suppose, for each u € E 3 an IF ideal C of N such that {u(, 5} =
C,E.
LetA =< ¢a, ¥4 > <rn E.
Choose 7,4 € [0, 1] such that y+ A < 1 with ¢4(u) =y, wa(u) = 1.

Now, forany u € E,
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Uy, (u)

=< Pugy (1) Vi (1) >

=<v,A>

=< Pa(u), Ya(u) >

=A(u).

Therefore, {1y )} =A

= {ugayt €A

= CECA

= C C (A E) [ using lemma 6.2.1] .

Also, ¢4 (u)

=Y

= Qugyy (1)

= ¢c,(u)

=V{¢c(n)N@,p(u'):neN,u € E,u=nu'}
<A@ ey () NG E(W) ineN U € Eu=nu'}
= V{9, (') :neNu' € E,u=nu'}

= {9 p), £ (1)}

Therefore, 9a(u) < {a.,r),£(u)}, forallu € E.
Similarly, Wa(u) > {Wa. p),x(u)}, forallu € E.
Therefore, A C (A:y E),E.

But by lemma 6.2.1, (A :y E),E C A.

Therefore, A = (A :y E)4E.

Also, by lemma 6.3.1, (A : E) is an IF ideal of N.
Thus E is an IF multiplication N-group.
Conversely, let E be an IF multiplication N-group.
Let A=< ¢a, W4 > <;pyEandu € E and y,A € [0, 1] such that y+ A < 1 with @4 (u) =
Y. Wa(u) = 2.

Since E is multiplication N-group, 3 IF ideal C of N such that A = CE.
We have, {uy )} =A.
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Thus, {u(%l)} = CZE'

Proposition 6.3.1. I[f A =< ¢a, s > is an IF set on E, then (A :y E) = {zy1) : 2 €
("MA:E),ze N}

Proof : Letz < N and D be IF set on N.
We can choose 7,4 € [0,1],y+ A < 1 with ¢p(z) = 7, yp(z) = A.
Then ¢, (z) = 7= ¢n(2), Yz, (2) = A = ¥p(2).
Therefore, {z(y2)} = D.
Let D,E CA
= D C (A :y E)[ using lemma 6.2.1]
= {zy)} S (A E)
= {2y I E CA.
Again, let {Z(M)}%E CA
= DyE CA.
Therefore, {Z(y,/l)}xE CA << DyE CA.
So, {D: DisIF seton N such that DyE C A} = {z(,1):2 € N, {7y 1)}y E C A}
Thus, (A:y E) = {zy2) 1 2E N, {zy2) I, E CA}.
Now, for each u € E,
V{0, DNGEW)}, u=zl v €E

0, otherwise.

(PZ(y_;L)XE(u) =

Since ¢, ,, (z) = yand ¢, (u) = 1, therefore
V{yAl}, u=zd v €E Y, u=z',u €E

B (1) = = - |
0, otherwise 0, otherwise.

o A, u=zu' u €E
Similarly, Wz(y,l)XE(u) =
1, otherwise.

Now, {z(y2)}xE CA

= 0,00, (W) < Qa(u) and vz o g (1) = Wa(u), foru € E
= Pa(zu') > yand yu(zu') <A, forze N,u' € E.
Therefore, (A :y E)

={z(ya) 12 €N, Pa(zu) > yand yu(zu') < A.u' € E}
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— {2(ya) 1 2E N,z € PA W € E}
- {Z(M) :ZE€N,zE C (M)A}

={zya):2EN,zZ€ (PMA:E)Y.
Lemma 6.3.2. Ifz € E, then z(y ) €y E.

Proof : Fory € E, {z(y2)} =< 9z, V) >

Y, ify=z A, ify=z
where (PZ(M)(Y) = and ‘I/z(M)(y) =
0, otherwise 1, otherwise.
<YvA>, ify=z < 1,0 >,
Therefore, z(y,2)(y) = and yE(y) =
<0,1 >, otherwise <0,1>,

Since 0 <y,4 <1, {zya)} Sy E and so z(y3) €4 E.
Lemma 6.3.3. I[fA <y E, then (A: E)<N.

Proof : Since (A:E)={ueN: uE CA}, (A:E) CN.
Now, uj,up € (A:E)andu € N
— uwE C A,upE C A.
Now, forany e € F,
(u; —up)e = uje — uge.
Since A <y E, u; —up € A.
Therefore, (u; —us)e € A
= (uy—up)ECA
= (u1—up) € (A:E).
Since N is commutative (uuj)e = (uju)e = u;(ue) € u E C A[ since ue € EJ.
Therefore, (uu;)E C A
=uuy € (A:E).

This proves the result.

ifyeFE

otherwise.

Proposition 6.3.2. E is a multiplication N-group if and only if every Z <y E is struc-

tured like Z = (Z : E)E.

Proof: Letne (Z:E).

ThennE CZandn € N
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= (Z:E)ECZ.

Since E is a multiplication N-subgroup, Z = [E, for some I <IN.
Now, IE =7

=IECZ

=I1C(Z:E).

Again, (Z:E)CNandZCIE

= ZC(Z:E)E.

Therefore, Z = (Z : E)E.

Conversely, let Z= (Z : E)E.

Since by lemma 6.3.3, (Z : E) <IN, therefore Z is multiplication N-subgroup.

Proposition 6.3.3. If E is a multiplication N-group, then for every K =< ¢g, yg >

Proof : Since K =< ¢k, yx > <;ry E, by proposition 2.5.1, rA) g <y E.

Since E is multiplication, ("*) K = ((¥A)K : E)E.
Lemma 6.3.4. Given a non-empty set K, if zy)) € K, then z € rAK.

Proof: z,,) €K
= {zy1)} CK.
S0, @z,;) < Ok V) 2= Vk-
Therefore, ¢k (z) = ¢, (z) = yand yk(z) < v, (2) = 2.
Thus, z € WHK

Lemma 6.3.5. I[fuc E,s €N, then (su)(%l) =S U(y2)

Proof : Forany!/ € FE,
{(su) () 1 (D)
=< Osu) gy (D Vs, (D) >
<Y,A >, ifl=su

<0,1 >, otherwise
and {S(%A)u(%l)}(l)
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=< sy (s Wiy () >-

NOW, s, 50y (1) = V{05, 1 () A Wiy ) L = s'W',s' e N,u' € E}.
If s=s",u =1/, then ¢S(y,/1)”(y,/1)(l) =7.

Similarly, if / = su then Y, u,, (1) = 4.

Againif s #5',1 # ' then ¢y =1.

=0and Yy,

1A M) (l) YA U(y.A) (l)

<Y, A >, ifl=su
Therefore, {S(%A)M(%;L)}(l) =
<0,1 >, otherwise.

Therefore, (su)(%;b) =Sy, M) U(y,A)-
Lemma 6.3.6. If B <y E, then yB <;py E.

Proof: Letu,z€ Eandn e N.
We have, ;B =< ¢,5, ¥, >.
If u,z € B, then u — z € BJ since B is subgroup of (E,+)] .
So, ¢,8(u) =1,0,8(z) = 1,¢,8(u—z) = 1.
Therefore, ¢,p(u—z) = 1A1=¢,p(u) A ,5(z).
Ifu,z¢ B, theneitheru —z€ Boru—z ¢ B.
If u—z € B, then ¢,5(u) = 0,¢,5(z) =0,¢,5(u—2z) = 1 and so ¢, g(u—2z) > ¢,5(u) A\
¢,8(2)-
If u—z ¢ B, then ¢,p(u) = 0,¢,5(z) =0,9,8(u—2z) =0.
So,0,5(u—2) =0N0=¢,p(u) \§,5(2).
IfucBbutz ¢ B, thenu—z¢ Bandso ¢,p(u)=1,¢5(z)=0,¢,5u—z)=0.
So, ¢,p(u—2) =1/N0= ¢, p(u)\o,p(z).
Again, if u ¢ Bbut z € B, then u —z ¢ Band so ¢, p(u) = 0,9,5(z) = 1,¢,8(u—2z) = 0.
Therefore, ¢ p(u—2z) =0A1=¢,p(u) A @, 5(z).
ans so, ¢, p(u—2z) > ¢,5(u) A §,p(z), foru,z € E.
Similarly, y,p(u—z) < ¥, 5(u) V ¥,(z), foru,z € E.
Now, if u € B, then nu € B and so (j)lB(u) = 1,¢13(nu) =1.
Therefore, ¢, 5(nu) = ¢, p(u), if u € B.
Also, if u ¢ B, then either nu € B or nu & B.

So, if u ¢ B and nu € B, then
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o,p(u) =0,0, p(nu) =1.

Therefore, ¢, g(nu) > ¢,p(u)

and if u &€ B and nu € B , then

¢,5(u) =0,¢,p(nu) =0.

Therefore, ¢, 5(nu) = ¢,p(u) .

Thus, ¢, g(nu) > ¢,p(u), foru € E.
Similarly, y, g(nu) < v, p(u), foru € E.

Hence the result.

Theorem 6.3.2. E be an IF multiplication N-group if and only if for every A <ign E,

Proof : Bylemma 6.2.1, (A:y E),E CA.
So, it is sufficient to show that A C (A :y E),E.
Since E is an IF multiplication N-group, d an IF ideal C of N such that A = CyE.
Now, A =CyE
=CyECA
=CC(AyE)
= CyE C (A4 E)E
=AC (A E),E.
Therefore, A = (A :y E)E.
Conversely, suppose A = (A :y E)E.
Since by lemma 6.3.1, (A :y, E) is an IF ideal of NV, by definition A is an IF multiplication

N-group.

Theorem 6.3.3. E is a multiplication N-group if and only if E is an IF multiplication

N-group.

Proof : Let E be a multiplication N-group and A =< @4, ¥, > <;ry E.
By lemma 6.2.1, (A :y E),E CA.
Since by lemma 6.3.1, (A :; E) is an IF ideal of N, it is sufficient to show that A C (A ;)

E)yE.
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For u € E, it can be choose ¥,A € [0,1], 7+ A < 1 with ¢4 (u) =y, ya(u) = A.
Then u € (A,

Since E is a multiplication N-group, by proposition 6.3.3,
(rMp = ((PMAE)E.

Therefore, u = nu', for some n € ("MAE),u' € E.

By proposition 6.3.1, n € ("*A : E) = nya) € (A E).
Since u' € E, by lemma 6.3.2, u’(%l) €, E.

So, by lemma 6.3.5, uy, 1) = (nu') () = n(%,l)u’(ﬂ)

= Uyp) € (A E)yE

= uc WY{(A:, E),E}[ by lemma 6.3.4]

= O, E),E() = V= 0a(u), Wa, p),£(1) <A = ya(u).
Therefore, A C (A :y E)4E.

So.A=(A:y E),E.

Thus E is an [F multiplication N-group.

Conversely, let E be an IF multiplication N-group.

LetB <y E.

Then (B : E)E C B by lemma 2.5.1.

To show B C (B: E)E.

Now, define an IF set P on E by,

1, ifxeB
¢p(x) =
0, otherwise
0, ifxeB
and yp(x) =

1, otherwise.

Then P =, Band "*)P = B with y,A € (0,1],y+1 < 1.

By lemma 6.3.6, P =, B <;ry E.

Since E is an IF multiplication N-group, by theorem 6.3.2, P = (P : E),E.

Letb € B.

Then ¢p(b) = ¢(p., k), £(b) = 1 and Yp(b) = Y(p., £),£(b) = O [ by assumption of P] .
But ¢p.,r),£(b)
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=V{9p,e)(n) AN e(') :b=n"t/, for some n’ € N,u' € E}

= V{9, ) (n') : b=n"t, for some n’ € N,u' € E}[ since ¢, g(u') = 1]

=V{@y,, (n') :nE C (WA p=B,b=n"i/, for some n’ € N,u' € E with y,A € (0,1],y+
A <1} [ by proposition 6.3.1]

=V{n,,(n'):n€ (B:E),b=n"u,for somen' € N,u' € E with y,A € (0,1],y+ 21 <
1}.

Similarly, Y(p. £),£(0) = AN{Wn,, (') :n € (B:E),b=n"u, for some ' € N,u' € E
with y,A € (0,1],y+A < 1}.

Let us consider S={n:ne (B:E),benE}.

If S is empty, then foreach b € tE,t ¢ (B: E) whent € N.

Then ¢p., ), £ (D) =V{¢n,, (t) :n€ (B:E),betE,t € N,withy,A € (0,1],y+4 <1}
Sincen € (B:E),t ¢ (B:E),n#tandso ¢, , (1) =0.

Therefore, §p., ), £(b) =0.

Similarly, yp. g),£(b) = 1.

These are contradictions.

So, it can be conclude that S is non-empty.

Thus, 3n € N suchthatb € nE andn € (B: E).

Therefore, b € nE = b e (B: E)E.

But b € B.

Therefore, BC (B: E)E.

Thus, B= (B : E)E.

Hence E is a multiplication N-group.

Definition 6.3.2. Let A =< ¢, W > <;pn E, then YMA <y PVE if m—y nm e

(Y2)A, for any m,y € YA and n € N.
Theorem 6.3.4. An IF multiplication N-group is an IF DN-group.

Proof : Let F,K,C <;pNy E .
Since E is an IF multiplication N-group,
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LetucE.

Now, ¢ (u)

= O(r.,E) (1)

= VA g)(M) N9,e(e) :u=ne,neN,e€E}

=V{®(s k) (n) :u € nE,n € N} [ since ¢,p(e) = 1].

Similarly, W (u) = AM{y(F. ) (n) :u € nE,n € N}.

But by proposition 6.3.1, (F :y E) = {n(ya): ¥,A € [0,1],y+4 < 1,nE cA) g
Therefore, ¢ (u)

=V{®n,,,(n) :u €nE cr) Fone N}

=y, where u €¥4) F.

Similarly, Wz (u) = A, where u €T F.

Now, deﬁr}e
Y7 ueX )u, ueX
OF(u) = s Wr(u) = ;
0, uéX 1, uéX
\
Y ucy )L, ueyY
P (u) = Wk (u) = :
07 M§ZY 1, ugY
(
Y, ue’z 17 ue’z
Oc(u) = We(u) =
0, ué¢Zz I, u¢Zz

with 7,4 € (0, 1].

Then, for u € X, ¢ (u) = ¥, Wr(u) = A and so u € (PAF,

Also, if u € VA F then eitheru € X oru ¢ X.

If u ¢ X, then ¢ (u) =0 > y and yr(u) = 1 < A-which is a contradiction to the fact
that y,A € (0, 1].

Thus, "M F = X.

Similarly, ") K =y, (»})C = Z with y,A € (0,1] and so X,Y,Z are subsets of E.
Now, forany u € XNY, (F+K)(u) =< ¢r 1k (u), Wrix(u) >,

where @p 1 x(u) =V{dr(Y) A Px(2) :y,z€XNY andu=y+z€XNY} and Yp g (u) =
MNMyr(y)Vyk(z)iy,zeXNYandu=y+z€XNY}.

Therefore, ¢px(u) =y and Ygx(u) = A, where u € X NY[ since ¢p(u) = y and
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yr(u) =A forall u € X and ¢g(u) = yand yx(u) = A forallu € Y] .

Thus, (F+K)(u) =< y,A >, whereu € XNY.

Also, (FNK)(u) =< ¢p(u) N g (u), wr(u) V yg(u) >=< y,A >, ifueXNY.
IfueZ, thenueXNYNZand (F+K)NC)(u) =< 7,A >N <y,A>=<7y,A >.
IfugZ thenu g XNYNZand (F+K)NC)(u) =<y,A>N<0,1 >=<0,1>.
Again, (FNC)+(KNC))(u) =< y,A >+ <y,A >=<7y,A > whereuc XNYNZ|
since (F+F)(u) =F(u) forallu e X CE].

IfugZandueXNY, thenugXNYNZand (FNC)+ (KNC))(u) =< ¢p(u) A
O (u), Wr(u) vV ye(u) >+ < og(u) Age(u), Wi (u) V ye(u) >=<0,1>+ <0,1 >=<
0,1>.

So, it can be conclude that ((F +K)NC)(u) = (FNC)+ (KNC))(u), forall u € E.

Thus, (F4+K)NC = (FNC)+ (KNC) and hence E is an IF DN-group.

6.4 Conclusion

The aim of this chapter is to extend the notions of multiplication near-ring groups
to intuitionistic fuzzy multiplication near-ring groups. In section 6.2, some prerequisites
of intuitionistic fuzzy multiplication N-groups are discussed. The theorem 6.3.3 draws
the relationship between IF multiplication N-group and multiplication N-group. Also,

the theorem 6.3.4 illustrates the linkage between IF multiplication N-group and IF DN-

group.
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