Chapter 5
Intuitionistic fuzzy aspects of
DN-groups and weak DN-groups

This work is communicated for publication in the journal “Mathematical Forum”, ISSN

0972-9852..

[63]







Intuitionistic Fuzzy aspects of

DN-groups and weak DN-groups

5.1 Introduction

Hadi and Semeein [9] introduced and investigated fuzzy distributive modules as an
expanded idea of distributive modules. They established the result between the fuzzy
distributive module and the distributive of fuzzy singleton. Sharma [81] has studied the
notions of intuitionistic fuzzy modules in many ways. Introducing intuitionistic fuzzy
submodules of a module, Sharma proved that the intersection of two fuzzy submod-

ules of a module is also a fuzzy submodule. Davvaz, Wieslaw and Jun [82] presented
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intuitionistic fuzzy submodules of modules and utilizing this notion, numerous schol-
ars such as Isaac [83], Rahman [84], and Sharma [85] investigated it in many ways.
They derived different operations on intuitionistic fuzzy sets, intuitionistic (7', S)-fuzzy
submodule of a module, intuitionistic fuzzy H,-submodules of a module and the re-
lationship between fuzzy submodule, and intuitionistic fuzzy submodule of a module.
Devi [86] developed the concept of intuitionistic fuzzy N-subgroups and ideals of N-
group and discussed the association between intuitionistic fuzzy ideals and fuzzy ideals,
which is being investigated by several scholars in various fields.

In Chapter 4, DN-groups, uniserial N-groups and Bezout N-groups are discussed
thoroughly. In this chapter, the concept of DN-groups extended to intuitionistic fuzzy
and intuitionistic fuzzy weak DN-groups and uniserial N-groups to intuitionistic fuzzy
uniserial N-groups.

The core concepts employed in this chapter are found in [28, 6, 7]. Here, in general,
Y,A €[0,1] with y+A < 1.

Introducing the notion of IF DN-groups, the associated outcomes of the (y,A)-cut
of intuitionistic fuzzy sets, intuitionistic fuzzy DN-groups and intuitionistic fuzzy weak
DN-groups are examined. Finally, the correlations among the intuitionistic fuzzy con-

cepts of uniserial N-groups, DN-groups and weak DN-groups are derived.

5.2 Intuitonistic fuzzy DN-groups

Definition 5.2.1. E is called an IF DN-group if (P+H)NC = (PNC)+ (HNC), VIF
N-subgroups P,H,C of E.

Definition 5.2.2. Let B =< ¢p,yp > be an IF N-subgroup, then (YMB is called an

N-subgroup of YME if s—y,ns € "MB, for any s,y € "B and n € N.

Definition 5.2.3. Let B =< ¢p,Yp > be an IF N-subgroup, then (YMB is said to be
an ideal of rAE ifp—qm+p—méeEandn(p+m)—nmée (»2)B, for any p,q €

(Y2)B,m e E, neN.
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Lemma 5.2.1. Let E be a commutative N-group and every principal N-subgroup is an

ideal, then the sum of two subgroups of (WAE is also a subgroup.

Proof : Let ()P and (*})B be subgroups of ("*)E.
Let p,g € WM py (rA)p,
Then p = 51+ y1,q = 52 + y2, for some 51,50 € VAP y; vy, € (PR,
Since E is commutative and ("1 p,(rM)B C E,
p—q=(s1—82)+(1—y) PP+ Ap
Since every principal N-subgroup is an ideal,
n(sy+y;)—ny, € Nsj,forneN .
Also, ny; € Nyj.
So, n(sy +y) —ny; +ny; € Ns; + Ny;.
=np=n(s;+y1) € Ns;+Ny; € NYAp L NvA g C (rA)p 4 (vA)g,

Thus the result.

Proposition 5.2.1. If P =< ¢p, yp > and B =< ¢, yp > are IF N-subgroups of E,
then

i. WP+ B) =P MR withy+ A =1.

ii. YA (pnB)=0ApnrAp,

Proof : (i). Lets € ") (P+B).
Then ¢p5(s) > v and Ypyp(s) < A.
Now, ¢pi5(s) > v
=V{op(r)N¢p(t):rnt cE,s=r+t}>vy
= ¢p(r1) A @p(t;) > 7, for some r,t € E such that s = ry +11.
Since ¢p(r1), 95(t1) = op(r1) A¢p(t1) > ¥
= ¢p(ry) > yand @p(t;) > v, for some ry,t; € E such that s = r| + 1
= yp(r1) <1—¢p(ri)=1-—y=2Aand (1) < 1—¢p(t1) =1—y=A[Since y+1 =
1]
=repands € TMB

=s=r+1e®pL g

[67]



Converselr, let s € ("4 p4 (P4 B,

Then s = r+t, for some r € WM pre rAp

= ¢p(r) = 7. yp(r) < A,05(r) = 7, yB(r) < A

= ¢p(r) A op(r) > yand yp(r) vV yp(r) <A

= V{op(r)\Nog(r) > y:s=r+t}and A{yp(r)Vyg(r) <A :s=r+t}
= se M (P+B).

Thus the result.

(ii). Let s € A (PNB)

= Ppnp(s) > yand ypnp(s) < A.

But PNB C P,B.

So ¢p(s), 95(s) > dpnp(s) > v and yp(s), Ye(s) < Yprp(s) < 4.
Thus, s € ("*)Pand s € ("B

=secpnrA)p.

Conversely, let s € (YA pn (4B

=secMpandse WMB

= 0p(s) > v, yp(s) < A and ¢p(s) > 7, wp(s) <A

= ¢p(s) A¢p(s) = vand yp(s) V yp(s) < A

= ¢prp(s) > yand yprp(s) < A

= sec WM (PnB).

Thus the result.

Definition 5.2.4. If P =< ¢p, Yp > and B =< ¢, yp > are IF N-subgroups of E, then
A p = WA)B if and only if ¢p(s) = Ps(s) > y and wp(s) = yp(s) <A, Vs € E.

Lemma 5.2.2. If P =< ¢p, Yp > and M =< ¢y, Ypr > are IF N-subgroups of E, then

P =M ifand only if YA p = (rA)py.
Proof : It is clear from the definition.

Proposition 5.2.2. If L =< ¢p, g > is an IF N-subgroup of E, then (WAL is also an

N-subgroup of VME.
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Proof : By definition, (YA is a subset of (P E.
Foranyn €N, s,y € WML |
¢r(s),9(y) = ¥, WeL(s), wr(y) < A.
Therefore, ¢r(ns) > ¢r(s) > yand yr(ns) < yr(s) < A[ since L is an IF N-subgroup ].
Also, ns € E.
Therefore, ns € (VAL
Again, s —y € E such that ¢.(s —y) > ¢r(s) A¢r(y) =2 YAy =y and yr(s—y) <
vL(s) VyL(y) <AVA =A4.
So,s—ye AL,

This shows that (**)L is an N-subgroup of ("} E.

Theorem 5.2.1. E is an IF DN-group if and only if Y E is a DN-group with y,2. €

O.1],y+4 =1

Proof : Let E be an IF DN-group and X, I, L be N-subgroups of (**)E such that

I, heX 0, heX
¢p(h) = . Yp(h) = ,
0, h¢X I, hgX
1, hel ( 0, hel
Om(h) = s Wm(h) = :
0, hél 1, hel
1, hel 0, hel
¢r(h) = yr(h) =
0, heL I, heL

where y,A € (0,1],7+A = 1.

Now, if s € (") P, then either s € X or s ZX.

If s ¢ X, then ¢p(s) =0 > yand yp(s) = 1 < A[ since Pp(s) > 7, wp(s) < A]- which is
a contradiction as 7, A € (0,1].

Thus, ¥4 p = X.

Similarly, "M =1, VAT =L,

Claim P,M,T are IF N-subgroups of E.

Since X is a subgroup of (E,+), forany s,y € X,n € N,

s—y€eXandnseX

= 0p(s—y) = 1= ¢p(s) Adp(y) and @p(ns) = 1 = @Pp(s) [ since s,y € X,Pp(s) =
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Lop(y) =1].

Similarly, yp(s —y) = Wp(s) V Yp(y) and yp(ns) = yp(s).

This shows that P ia an IF N-subgroup.

Similarly, M and T are IF N-subgroups of E.

Since E is an IF DN-subgroup, therefore

(P+M)NT = (PNT)+(MNT)

= AP+ M)NT)=PA[(PNT)+ (MNT)] [ using lemma 5.2.2]

= PA(P4+M)NPAT = PA)(PNT) + A (M N T)[ using proposition 5.2.1]
= (P p L Ay AT = (WP AT 4 (PR A (AT using proposition
5.2.1]

= (X+I)NL=(XNL)+(INL).

Thus, ("ME is a DN-group.

Conversely, suppose (vAE is a DN -group.

Let PM,T are IF N-subgroups of E.

Then by proposition 5.2.2, ") p, (¥4 pr ("M are N-subgroups of (FME.
Since ("ME is a DN-group,

(PP TN AT = (AP AT 4 (KA pr 0 (AT

= AP+ M)NT) = PA[(PNT)+ (MNT)] [ using proposition 5.2.1]

= (P+M)NT = (PNT)+ (MNT)[ using lemma 5.2.2] .

Thus E is an IF DN-group.

Definition 5.2.5. E is called an IF uniserial N-group if any two of its IF N-subgroups

are comparable to each other.
Theorem 5.2.2. An IF uniserial N-group is an IF DN-group.

Proof : Let E be an IF uniserial N-group.
Let P=<¢p,yp >,B=< ¢p,yp >,T =< ¢r,yr > be IF N-subgroups of E.
Since E is an IF uniserial N-group, any two of its IF N-subgroups are comparable to
each other.

So, it may assume PCBCT.




Thus, ¢p < ¢p < ¢7 and yp > yp > yr.

Therefore, P+ B =< @p4p, Yp4+p >, Where

¢p+8(s) = V{op(a) N Ps(q) : a,q € E,s = a+q} and Wpip(s) = NMyp(a) V yp(q) :
aqcE,s=a+q},Vs€EE.

So, (P+B)NT =< ¢p p N @7, Yp 1V Yr >.

Now, PNT =< ¢op A o1, wp NV Y7 >=< ¢p,yp >= P and BNT =< ¢p A\ ¢7,ypV
yr >=< ¢p,¥p >=B.

Therefore, (PNT)+ (BNT) =P+B.

Again, for any s,a,q € E,

¢p15(s)

=V{¢r(a) N op(q) :s=a+q}

<V{¢r(a) Nor(q) :s=a+q}

<V{o¢r(a+q):s=a+q}l Since T is an IF N-subgroup]

= 0r(s).

Therefore, ¢pp A\ O = Op, p.

Similarly, yp gV Y7 = Yp, p.

Thus, (P+B)NT =P+B.

Hence the result.

Definition 5.2.6. Ann(E)={ne€N:ns=0,Vs € E}.

Lemma 5.2.3. If E = E1 + E, is commutative with E{,Ey being unitary DN-groups

such that Ann(Ey) +Ann(Ey) = N, then E = E| + E, is a DN-group.

Proof : Let P,M,T be N-subgroups of E = E| + E».
Then P =P+ P,,M = M; +M,, T =T, + T, for some subsets P;,M;,T; of E; and
P M, T, of E».
Since Ann(E) +Ann(Ez) = N and 1 € N, then 3 n| € Ann(E),ny € Ann(E>) such that
ni+ny=1.
Now, for any a; € Py,

l.ay = (n1+ny)a;
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= a; = niay +npay|[ since E; is unitary] .
But,a; € P, C E;
=a €k
= nja; = 0[ since ny € Ann(E)] .
Therefore, noa; = a; € Py.
But npa; € NP;.
Therefore, NP C Py.
This shows that P; is an N-subgroup of Ej.
Similarly, it can be shown that M,T; are N-subgroups of E; and P,M,,T, are N-
subgroups of E,.
Now, (P+M)NT
= [(P1 +P2) + (M + M) N (T + T2)
=[(P+M)NTi]+ [(P+ M) | N T3]
=[(AiNT)+ (M NT)|+ [(PNT) + (MyNTD)][ since E}, E, are DN-groups]
= [(Pr+P)N(T1 + T2)] + [(M1 + M) N (T + T2))]
=(PNT)+MNT).

This shows that E = E| + E; is a DN-group.

Theorem 5.2.3. Let E,K be unitary IF DN-subgroups and Ann(E) + Ann(K) = N with

WME = E,(W"MK = K, then E 4+ K is an DN-group with v, € (0,1],y+A = 1.

Proof : Since E,K are unitary IF DN-groups and Ann(E)+Ann(K) = N, by theo-
rem 5.2.1, YA E, (WK are also DN-groups with y+A = 1 and 7,1 € (0, 1].
Since E, K are unitary, "M E, (V4K are also unitary.
Also, by hypothesis Ann(("ME +Ann((YAK = N.
Therefore, By lemma 5.2.3, "*)E + (¥A)K is a DN-group with y,A € (0,1],y+A = 1.

So, E + K is an DN-group with y,4 € (0,1],y+ A = 1.
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5.3 Intuitionistic fuzzy weak DN-groups

Definition 5.3.1. E is said to be a weak DN-group if and only if (P+M)NT = (PN

T)+ (MNT), for all ideals PM,T of E.

Definition 5.3.2. E is referred to as an IF weak DN-group if and only if (P+M)NT =

(PNT)+ (MNT), for all IF ideals P,M,T of E.

Definition 5.3.3. (YA E is said to be a weak DN-group if and only if (P+M)NT =

(POT)+(MNT), for all ideals P,M, T of "*E.

Theorem 5.3.1. If E is an IF weak DN-group, then (YAE is also a weak DN -group

with y,A € (0,1],7+ A < 1.

Proof : Let X,/,L be ideals of (YA)E and defined as in theorem 5.2.1.
Then as above, ") p =X WAy =1 (YA T = L with y,A € (0, 1,y+A=1.
Claim P,M,T are IF ideals of E.
Since X is an ideal of ("*)E, therefore X is normal subgroup of (E,+) and n(s + e) —
necX,VneN,seX,eckE
= ¢p{n(s+e)—ne} =1=@p(s)[ since s € X] .
Also, since X is normal subgroup of (E,+),s—a,s+a € X,V s,a € X.
= 0p(s—a) = 1.p(s +a) = 1
= ¢p(s—a)=1A1=¢p(s)APp(a) and gp(s+a) =1 = ¢p(a+s)[ since s,a € X].

Again,n € N,s € X,

nseX
= ¢p(ns) = 1= ¢p(s).
Now, s,a € X

=a+s—acX

= ¢pla+s—a)=1=¢p(s).

Similarly, it can be shown that

Vp(s—a)=yp(s)Vyl(a),yp(ns) = Ye(s), Yr(a+s—a) = yp(s), yp(n(s+a) —ns) =
vp(a).
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This shows that P is an IF ideal of E.

Similarly, M, T are IF ideals of E.

Since E is an IF weak DN-group,

(P+M)NT

=(PNT)+(MNT)

= A [(P+M)NT) =PV [(PAT)+ (MNT)] | using lemma 5.2.2]

= AP+ M) NPT =B (PNT)+ A (MNT)[ using proposition 5.2.1]

= (PApL MM AT = (WP AT 4 (P A (PA)T)[ using proposition
5.2.1]

= X+I)NL=(XNL)+(INL).

Thus, ("M E is a weak DN-group with 7, A € (0,1],y+4 < 1.

Lemma 5.3.1. If P =< @p, Yp > is an IF ideal of E , then AP is also an ideal of
rAE.

Proof : Let P =< ¢p, yp > be an IF ideal of E.
So, "Mp CE.
Lets,a € (AP,
Then, ¢p(s) > v, yp(s) <A,¢p(a) = v, yp(a) < A.
Since P is an IF ideal of E and s,a € E, therefore
¢p(s—a) = ¢p(s) A pp(a) =2 yAy=yand yp(s—a) < Yp(s)V yp(a) SAVA =A.
Therefore, s —a € (AP,
Also, ifa € E and s € "MP, then s,a € E.
Therefore, gp(a+s—a) > ¢p(s) > yand yp(a+s—a) < yp(s) <A.
So,a+s—aec WMp,
Again, ifac E,se€ "M Pandn e N, then s,a € E.
Therefore, ¢p(n(s+a) —na) > ¢p(s) > vand yp(n(s+a) —na) < yp(s) < A.
Thus, n(s+a) —na € V)P,

Thus, (**) P is an ideal of ("M E,




Theorem 5.3.2. If "ME is a weak DN-group , then ") (DNM) + AT = (PA)p 4

PATYN (M + AT, for all ideals YD, YA M, YT of YAE with T C M.

Proof : Letsc W) (DnM)4 AT,
Then s = y+m, where y € YA (DNM),m e WA)T
=ye@Mpand VM, me AT
=s=y+me (PMD+ AT N (rApM AT,
Again, lety € (PA)D+ A1) (WA p PA)T),
Since Sum of two ideals of ("ME is also an ideal and (YA E is a weak DN-group,
therefore
ye [(W'L)Dm ((M)M_i_ (M)T)] + [(%/'L)T N ((%A)M_,_ (M)T)]
=ye [PMDNTA M)+ AT since T C M] .

Thus, "Y(DNM) + AT = (WA p L ATy A (KA M (AT,

Theorem 5.3.3. If "ME is a weak DN-group with Y+ A = 1, then E is an IF weak

DN-group.

Proof : Let D,M,T be IF ideals of E, then by lemma 5.3.1, ("A)p, (vA)pg (rA)T
are ideals of (VA E.
Since ("ME is a weak DN-group,
(A D+ AN AT = (WD AT 4 (KA p 0 (KA T)
= WI[(D+M)NT) =M [(DNT)+ (MNT)][ using proposition 5.2.1]
= (D+M)NT = (DNT)+ (MNT)][ using lemma 5.2.2]

= E is an IF weak DN-group.

5.4 Conclusion

The main goal of this chapter is to extend the notion of distributive near-ring
groups to intuitionistic fuzzy distributive near-ring groups as well as intuitionistic fuzzy
weak distributive near-ring groups. Some lemmas and theorems related to IF N-subgroups,

IF DN-groups and IF weak DN-groups are studied. The theorem 5.2.2 describes the
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relationships between IF DN-groups and IF uniserial DN-groups. Theorems 5.3.1 to

5.3.2 illustrate the association between IF weak DN-group and weak DN-group.
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